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∫
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φr dr +
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rSzz dr −
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rSzr dz.
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r S
i,j+1/2
rr
ϕi,j+1/2 s
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∫
Ω
vrr dr dz +
∫
BC∪EA
rvrvz dr −
∫
AB∪DE
rv2r dz =
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∫
AB∪DE
φr dz +
∫
CD
φr dz +
∫
Ω
φ dr dz +∫
BC∪EA
rSzr dr +
∫
CD
rSzr dr −∫
AB∪DE
rSrr dz −
∫
CD
rSrr dz −
∫
Ω
Sθθ dr dz.
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Ω
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[
(cvr)
i,j
]
+ (szvrvz)
i+1/2,j − (szvrvz)i−1/2,j +
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(srv
2
r)
i,j+1/2 − (srv2r)i,j−1/2 =
(srφ)
i,j−1/2 − (srφ)i,j+1/2 + (aφ)i,j +
∫
int
φr dz +
(szSzr)
i+1/2,j − (szSzr)i−1/2,j +
∫
int
rSzr dr +
(srSrr)
i,j+1/2 − (srSrr)i,j−1/2 −
∫
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rSrr dz − (aSθθ)i,j ,

∫
int
()!:Iﬃﬂ*#&% :ﬂ-IﬃJ ?#:\#:#:ﬃﬂ*IK()'
	ﬃJﬁ ﬃ'(4% :ﬂ-!57 ﬃﬁ^ﬁﬃﬂ,!ﬂ,'
(2 ?ﬂ2
Ω
;D<@% +,'2 ?i
!:ﬃﬂS/[ﬃ'*#. ﬁ	/[,! ﬃﬂ!ﬀ6'*:ND ﬃﬂ
z
6Aﬃ1)-ﬂ,'2ﬀ()ﬀ	U ?ﬂ*:3-E ﬃﬂ2 ?#:ﬃI'*
w
∂
∂t
[
(cvz)
i,j
]
+ (szv
2
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i+1/2,j − (szv2z)i−1/2,j +
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(srvrvz)
i,j+1/2 − (srvrvz)i,j−1/2 =
(szφ)
i−1/2,j − (szφ)i+1/2,j −
∫
int
φr dr +
(szSzz)
i+1/2,j − (szSzz)i−1/2,j +
∫
int
rSzz dr +
(srSzr)
i,j+1/2 − (srSzr)i,j−1/2 −
∫
int
rSzr dz.
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∫
Ω
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∫
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rur dr
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(szvz)
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∫
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rvz dr +
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(srvr)
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∫
int
rvr dz = 0.
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(szφ)
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(szφ)
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N∑
j=1
(Re(Γk,j)ϕj − Im(Γk,j)ψj) = 0 zk ∈ Cψ
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(Re(Γk,j)ψj − Im(Γk,j)ϕj) = 0 zk ∈ Cϕ
tﬃx
    
$	 	 	ﬃ $@%   @
 
	
¨
#%  ﬃIﬃB(4% '*ﬂ!m)3-	$()
N
+,'2 Dﬂ2ﬀ"
N
:ﬂ2-ﬃﬂ*ﬂO'*;9<b S(*:ﬁﬁ: Dﬂf(*'
ﬁﬂ!'*B6Bﬁ]yﬁ!'*Z()U!-#:#:$!ﬃ!!$+,'c% :#\mf ? ?'* ?ﬂ,()$/[ﬃ:ﬂJB(*$-ﬃ#:#*- Dﬂ2
6'2\#:()')e1[(2@Nﬃ-!!.- ?'*eykﬃ-#:H	-	Hﬂ*	1*!0()H/[ﬃ:ﬂJ6'2\#. B!'*!57 ﬃﬁA#::1*Aﬁ
6'2x#:H5lﬂ2(4;
ϕ
ﬁJ ?ﬂ-ﬃﬂ*ﬂO'r!'*x#:01[(Z()ﬃkOﬃﬂZ/[')^-	/*#. ﬃﬁ#:xﬂ2-ﬃﬂ*ﬂO'*
ϕj
6'2K#:1[(TI, ?'2JC*
/ ?
ϕN1−j+N2
(* ﬃﬂ2K#U6m)6!3-	(4% +,'2 D:ﬃﬂ2K/*!ﬁ(*-ﬂ; H
	-	ﬃk*ﬂF/[-')A-	/*#. ﬃ--
ψj
!'*#:E1[(F()!a/2 ﬃ
ψN1−j+N2
;
<906m)6!3-	H6!!ﬃ#:'U/2 ?\'*ﬂ2H	ﬁC*)()
LU
-#: !!.+'2ﬃ;	0ﬂU/[')x ﬃ#\ ﬃ()Nﬃv!
#/[ﬂ,$()M#. q6'*!57 ﬃ-F#::1*!MIﬃJVﬃ-F"f#. q-ﬃﬂ2()!:ﬃﬂ -ﬂ2-	U D:+,'*Mﬁ$#:S/[ﬃ!-ﬂ,!:-#
()NO!!!^IVﬁE"#d% +,'2 ?!:ﬃﬂS() x!ﬂ*'*#:#&;*<cBC2-	U ')#:.6ﬀA'2ﬂM!JC*-	U U()
w'*ﬂ*Iﬁi

')6J $(4% ﬃJ()!+' D!ﬃ;<9B/ ﬃH(*ﬀ-	/20')!:#.!60-ﬃﬂ26 ﬃﬂ;<9 $#ﬂ*Iﬃ'*'*
(4% ﬃﬂ2()BC2ﬃ.6:E6A()
2pi
k2ﬁB+'2c-ﬃ!6/[ﬃﬂ2(r"'*ﬂSﬂ*ﬃ	1*ﬀ(4% ﬃﬂ2()
k = 2pi/λ
()
1
;
     
fihsk F  k j xf lnm1k
K ?ﬂ9#x- ﬃ()\()#: !C2-ﬃ:@/[?-ﬂ,!:-#:#k#&% Nﬃﬃ#:')ﬂB6/ D!:?i&!	/[ﬃ-#:#@(*9ﬂ2()
"#. 6'*!57 ﬃ-E()ﬀ#&% )- ﬃﬂr6-IK/ ?#B!mO6!3	ﬀ(4% +,'2 Dﬂ26'*:ND ﬃﬂﬀw
∇2ϕ = 0 /['* − d ≤ z ≤ η(x, z, t) q;	^x(ﬁ
ϕt +
1
2
(∇ϕ)2 + y − κ
Bo
= Cste
ﬂ
z = η(x, z, t)
(2; ﬁ ﬁ
ηt + ηxφx + ηzφz − φy = 0
-ﬂ
z = η(x, z, t)
q;	 !ﬂﬁ
ϕz = 0
-ﬂ
y = −d (2; '(ﬁ
r6m)6!3-	Z(4% +,'2 ?!:ﬃﬂ2 ﬃ()	ﬁ
/[ﬃ'*
!ﬃ#:')!:ﬃﬂﬀ#:Bﬂ2()(*rP,ﬃQﬃ+,'*x6ﬂ
()ﬂ2()/*ﬃIﬃ6:Nﬃ1*.():	-ﬂ2!ﬂ*ﬂ*##:U()F5l!	F/[!	U ?ﬂ2-ﬂF-$6mO	ﬁ!.+,'*ﬃk
NﬃDm ?Iﬃ ?ﬂ\"ﬀNOa6H-ﬃﬂ26 ﬃﬂﬃ;LHﬃ'2\ﬂ*ﬃ'2\ﬂ,!!!!-ﬃﬂ2>:-[ ?'U/*ﬃ12#3	A1*.():	-ﬂ)i
6:ﬃﬂ2ﬂ*-#x()'g()ﬁ5l-#:-	-ﬂ,(4% ﬂ2()()ZIﬃJ NO!&7ﬂ*ﬃ	1*Z() xﬃﬂ(
Bo = ∞ ﬁﬀﬃ'()
ﬃﬂ2(*
()rI XNO!Zﬁ'*6/[ﬃ'2
#!+,'*##:#:
-][-()Z-ﬂ2!:ﬃﬂg!'*/[-!_ﬁ:-#:#:r6ﬂ
/[ﬁaJB()-N? ?ﬂﬁ-')ef()'2B"F#. rI XNOa lﬂ*	1*!U(* xﬃﬂ2(
Bo À 1 ﬁK	U ?.ﬀ6')z$ ?ﬂ,
/[ﬃ'*^()Nﬃ-ﬂ*:x#:)- ﬃ#	ﬂxﬂ*ﬂZﬂ*-I#:Iﬃ ?1*#:k#:"Z#: 
-ﬃ'*1*'*H6x:	/[ﬃ! ?ﬂ,!;*
6#'*!:ﬃﬂ2>()/[-ﬂ2()ﬂ ?'26*()A()')e ?'*!`/2 ?J ?	3ﬁ!=+,'*2-ﬃ!6/[ﬃﬂ2(*-ﬂ`!/[ﬁ!i
Nﬃ-	-ﬂ,> ?'*eﬀ-][-`ﬂ*ﬃﬂ)ij#:ﬂ* ?:!9ﬁ>(*:!/[-J657;X<9 K- ?	12!'*x()x#: 0ND ?I'*ﬃkX()-_2ﬂ*:x/2 ﬃ
² = ak

a
ky ?	/*#:a'2()
ﬁ
k
kﬂ*	1*(4% ﬃﬂ2(*8ﬁ-
µ = kd
	!'*-ﬂ0!/[ﬁ!:Nﬃ-	-ﬂ,
#: Zﬂ*ﬃﬂ*i&#:ﬂ2 ?!B-K#: r().6/[!ﬂT()
#&% ﬂ2(); 
% '*ﬂ*	 ﬃﬂ*:3-BI-ﬂ* ﬃ#B#:0ﬃﬂ()K()
P,!Qﬃ!ﬃﬂ,:ﬂ26 ?12# ?'*e/[-!!'2!12 ?!:ﬃﬂ2()rmO/[

&% ﬀ2# ﬁ % "	 ﬁ 7/[ﬃ'*/*#'2U()
()ﬁJ ?:#:ANﬃﬃ:#&%  ?!!.ﬁ#:ﬀ()B-NO'*B() H. ﬃ

C2 ﬃ!5  $ ﬁ ;yﬁ!!B:ﬂ2J ?1*:#:aﬀ/*DNﬃ)+,'*
'*ﬂ*U	)(*'*#: ?!:ﬃﬂq()U#&%  ?	/*#:a'2()ﬃkb()U#. r5l+,'*ﬂ2ﬁUﬁ()'qﬂ2ﬃ	1*U(4% ﬃﬂ2(*U(*'f!J ?:ﬂ
(4% ﬃﬂ2()=(*P,!Qﬃb:ﬂ*!. ?#&kXI-ﬂ*-J ?ﬂ,` ?:ﬂ26)()=I!'*/[b(c% ﬂ2()` ?'6ﬂ()+,'*-#.=--!i
 ﬃﬂ*\-0-!\ D!!-:Iﬃﬂ2-ﬂ'*ﬂ*H5lﬃ	H#:	aH/[ﬃ'2ND ?ﬂ,ﬁﬂ2()'*:!H ﬃ'$()-5l-#	ﬂ; ='*
-%  D]yJ ?ﬂ2JC*:`()'/*ﬃ1*#:3-	^(*'- ﬃ#:-'*#*()6 ﬃ1*:#!(4% '*ﬂ!J ?:ﬂ(4% ﬃﬂ()>()HP,!QﬃkXﬂ2ﬃ'2
 Nﬃﬂ2`JC*ﬃ.6*()^5lﬃJﬁ-`#:()-5l-#	ﬂ@-ﬂ-ﬃﬂ2!.()-J ?ﬂ,`-ﬃ		ﬁﬃﬂ()aﬂﬂ*!. ?#:^'*ﬂ2
t\
      
	  
1	ﬃ $ 	  '
ﬂ2()^6:ﬂ,'2!j(* ﬃ#k
η(x, 0) = acosx
kD(4%  ?	/*#:a'2()
a
!3=-#:-NﬃﬃkD()ﬃﬂ,`#x/[ﬃ!ﬂ!:-#*()
NO!!!K6ﬀ()ﬂ*ﬂ*/2 ﬃK#. Z!C*ﬃ#:ﬂ* ?:!;
¨
#>6E1*:-ﬂqﬁﬂ*ﬂ,'f+,'*-ﬁ6Uﬁﬃﬂ()aﬂ
:ﬂ*!. ?#:ﬀ-ﬃﬂ2()'2a!3^J ?/2:()	-ﬂH"'*ﬂM()ﬁ5l-#:-	-ﬂ,H()KmO/[E/2#ﬂ*Iﬃ ?ﬂ;
ﬁﬀ
2; x*;:w ﬂ  !	&# $%  ')( *% +ﬂﬀ$-$  '$,-$ ﬀ2+"ﬁ   '$  /% -$  ')( /%3'$
141 cm
 '$

ﬀ2# 0 
² = 0.4
4
<9 ﬀ_2I'*!L; xB!/*6ﬂA#:ﬁJ ?/[!'2ﬁ!Nﬃ\()'r()ﬁ5l!#:-	ﬂ^(4% '*ﬂ*0N? ?I'*H()
#:ﬃﬂ*I'*-'2(4% ﬃﬂ2()
141 cm
-(*F- ﬃ	1*'*!
² = 0.4
; 	0ﬂg-	U ﬃ+,'*r+,'*r#. h6'*!57 ﬃ-
ﬀ5l6-	-ﬂ
ﬁﬃ'2!1[-U"S#: S/[ﬃ:ﬂ$()U#: Mﬁﬁﬃk9 ?'q6 ()'2#a	Z()'()-5l-#	ﬂ;
`ﬃ'*H#:A/ ?J ?	3ﬁ!^/*C,m)!:+,'*H()B#&%  ?'ck2#:Bﬂ*	1*B()ﬂ2(
ρgλ2/σ
6Hﬂ,NOﬃﬂ
I ?#y"
2.105
;)<9 B!ﬂ26:ﬃﬂr()E6'*!57 ﬃ- ﬃ'2K()ﬃﬂA'2ﬂZ
ﬃ#:H	ﬂ*:	E(* ?ﬂ2#. 
()mOﬂ2 ?	.+,'*
()'g()-5l-#	ﬂ()r-Um,/[r()ZND ﬃIﬃ'*;cp@ﬂg!ND ?ﬂC*k9!\#&% ﬃﬂ():	ﬂO'*Z#. M#:ﬃﬂ*I'*-'*
(4% ﬃﬂ()()#. ZND ?I'*ﬃk[ﬃﬂhﬁﬂ26 D
+,'*#: $-ﬂ2!:ﬃﬂh()!'*657 ﬁ Z/[ﬃ'*Kﬁ]yﬁB()
#:.!!-
#:H!Iﬃ:ﬃﬂ2A()B5lﬃ!!-ﬃ'*1*'*ﬃ;GAﬂ*
-ﬃ	/2 ?J ?.!?ﬂS6H-/*!-ﬂ,!-6'*0#: _2I'*; 
ﬂ!#
()!ﬂ2H/*!ﬃ_2#=()'s- ﬃ#:-'*#9/2!-()ﬂ0ﬁK#	-	/['*H'*ﬂ*
ND ?I'*()
60 cm
()#:ﬃﬂ*I'*-'2K(4% ﬃﬂ2(*ﬃ; ='*E-ﬁ6#ﬂ*Iﬃ'2-'*E(4% ﬃﬂ2()k[#:ﬂ*ﬃ	1*()xﬃﬂ2(TE-I, ?#`"
8.104
kyND ?#:-'*K-ﬂ2ﬁ!B!3HI ﬃﬂ2();[P)=#. Z/*!.!-ﬂh-ﬃ	/)()
#. U-ﬂ2!:ﬃﬂh()!'*657 ﬁ
!57 ﬃaﬀ!!!-ﬂ,!:0/['*E-ﬁ6ND ﬃIﬃ'*ky?% 6K/ ?Jﬁ+,'*
#. Fﬁﬃ'*1*'*
(*#: F6'2657 ﬃ-ﬃky ﬃ'
Nﬃ:!:ﬂ2 ?IH()K#. 
-0-!ﬃkO/*-ﬂ2(r()xN? ?#:-'*J-ﬃ	/2 ?J ?12#\ ﬃ'Zﬂ*	1*!E() ﬂ2(4k)ﬁE+,'*
-ﬂ2(#:@-ﬃﬂ,!J ?:ﬂ!>!'*657 ﬁ.+,'*>-ﬃ	/2 ?J ?12# #) ?#:-	-ﬂ,
"E#. 05l-()AIﬃJ NO!;
t !
    
$	 	 	ﬃ $@%   @
 
	
λ = 60 cm.
λ = 141 cm.
 ﬀ
2; 2;:w 2 /2# . ﬀﬂ ﬀ ﬁﬃ$/% &%   	 ' "!	$# $% ' ( *%  + ﬀ5-   '$
60 cm
'$  /% -$ 
')( /%3'$ *%  '$
141 cm
   
jSjk,r0m1v il  ihj  k shsv sk  fiv
|
xkuwk,lnm=
 9vﬁ ahsk,h 
<9ﬃJ!+,'c% '*ﬂB82'*.()^6`/[-'N,.+'2-')e4kDﬁ		x#&%  ?'ckX'#:ﬃJ+'2\#&% ﬃﬂ
ﬁ!'()^#:x/*C*-i
ﬂ*ﬃ	3ﬂ*0 ?')eUﬂJ ?ﬂJ-ﬃ'*!kﬃ#. ﬁ'2JC*0()HNﬃ6:-aAI-ﬂ*!A/2 ?#: BNO.!-!aAI ﬃ(*
'*ﬂ*E5l ﬃ:1*#E/2 ?.6-'2^-ﬃ	/2 ?-E ?')er():	-ﬂ2!ﬂ2()'F/*ﬃ1*#:3-	;
¨
#cH ?#:ﬃJ/[6:1*#:
()S57 ?:!S'*ﬂ()-Nﬃ-#:/*/[-	-ﬂ,U#:	!T()+,'2 ?!:ﬃﬂ2U()TLH XN,:-ZP,!Qﬃ-ﬂR5lﬃﬂ2ﬁ!:ﬃﬂ
()$ﬁ-6U-/2 ﬃ:!-'*ﬀ/[ﬃ'*ﬁﬃI-K#. FNO!!/[?-ﬂ##:$()ﬁa/ ?ﬀ#&% +,'2 Dﬂq()
x-ﬂ*ﬃ'*#:#:d;yLAﬃ'0/*!6ﬂ!ﬂ2k[(* ?ﬂ0-ﬁ!!
/ ?!!:ﬃk[#(*-Nﬃ-#:ﬃ/2/[-	-ﬂ,K	 ?!C*	U D!.+,'*
()Bﬁﬁ!!ﬀ	ﬁC*)()k2()ﬁ!E!:Iﬃ:ﬂ*-#:#:-	-ﬂ,^/2 ﬃ
~
; Py;2<9'*ﬂ2()I!ﬂc;
<\% /2 ?.6-'2
δ
()M#: q-ﬃ'2JC*S#:	aT+,'*H6M()Nﬃ-#:ﬃ/*/[S/*3U(4% '*ﬂ*M:ﬂ-!57 ﬃ-M6
ﬁ	/[6E-ﬃ		
√
νt
k*
ν
6#. N,.ﬁ!!ﬀﬁ:ﬂ*-	U D:+,'*B()'F8'*:()Bﬁ
t
#:K-	/2;
0 ﬃﬂ2Aﬁﬁ!!B!v:ﬃﬂck)ﬂ*'2x5l!ﬂ2^#d% C,mO/[?C*3!ﬀ!'*N? ?ﬂ,!w
δ = O(ν1/2)
-4-NO:-ﬂH"ﬁ!'2(*#:E/2C*-ﬂ*	3-ﬂ*B ?')eZ:ﬂ26 ﬃﬂJ-ﬃ'*!;
	0ﬂ ()ﬃ/)M"q#. 6'2657 ﬁS#::1*!M'*ﬂ-/[3-S#:)- ﬃ#
(M,n, s, z)
k@ﬂJC2 ﬃ+,'*M/[ﬃ:ﬂ
(4% ﬁ!'()ﬃk`
n
#. sﬂ*ﬃ	U ?#:$'*ﬂ2aJ ?:!F"T#. h6'*!57 ﬃ-ﬃk
s
#. T ?ﬂ2Iﬃ-ﬂ,!F(* ?ﬂ#:r/*#. ?ﬂ
(4% ﬁ!'()ﬁ
z
#Nﬃv-'*E/[-/[-ﬂ2(*:-'*#: ﬃ"
n
-ﬀ"
s
ky!#>+,'*#. r12 ﬃ! ?:ﬂ26=5l!	-
6a`():vﬃ;D<9 A5Y!	'2#: ?!:ﬃﬂB'*!:#.6.ﬁO6=-'2#!:-ﬂ*ﬂ*0wD"H'*ﬂ:ﬂ26 ﬃﬂ=_*e)ﬃkﬂ(*ﬁ_2ﬂ*
#
!/[3-
(M,n, s, z)
ﬂT'*ﬂT/[ﬂ,0Iﬃﬂ*-.+'2()#. $!'*!57 ﬃﬁk-
+,'*b#:-Ia	#:B57 ?
(4% ﬁ:!E#^+,'2 ?!:ﬃﬂ2()Bﬁﬂ26!N? D!:ﬃﬂr(2 ?ﬂ2-E-/[3-ﬃ;
tﬃ
      
$'88! 
 
   
  ﬂ!	' $&	     @     
	0ﬂS/[')0(*ﬁ	/[!-^ﬃ')KC ?	/M(*BNﬃﬁ!-'2 rﬁ0-ﬂM/2 ﬃ6:-'*#:-H#JC2 ?	/T()
NO!!!
v
Fﬂs'*ﬂ*/2 ﬃ6
u
()ﬃﬂ,K#:
?J D!:ﬃﬂ2ﬂ*-#bEﬂ,'*#`-K'2ﬂ*
/ ?!!:
U
(*ﬃﬂE#. 
():Nﬃ-Iﬃﬂ2ﬁEAﬂ,'*#:#:Uw
V = u + U
q;	ﬃt ﬁ
	0ﬂS  ﬃ#Kw
u = ∇ϕ
U = ∇∧A

A
K#:
Nﬃv-'*K/[?-ﬂ,!:-#&;ﬀ	0ﬂs/[-')K57 ?:!#:
	-	
J ?.6ﬂ*ﬂ*-	ﬂ0/[ﬃ'*
A
w[:#
!()ﬁ	/[!ﬂh'*ﬂ*/ ?!!: ∇ϕ′ ﬁﬀ'*ﬂ*/2 ﬃ6: A′ ()ﬂE#. F()Nﬃ!I-ﬂ2-EﬂO'*#:#;
<b /*-	:3-T/2 ﬃ6sﬂc%  ')!h/2 ﬃr()T-	h ?'tC2 ﬃ	/t()sNO!!$/2'*:+,'*h!ﬃﬂ
?J Dﬂ*ﬂ*-#46ﬂ,'2#d; 	0ﬂSC*:!A()ﬃﬂ2
A
k2()B():Nﬃ-Iﬃﬂ2ﬁKﬂO'*##:ﬃk*!-#9+,'*Uw
A = A′
<c8'*:(*ﬁ ﬃﬂﬀ!'*/*/[!
ﬂﬁﬃ	/*6:1*#:ﬃk[#. r()N-!I-ﬂ2-
()'hNﬃﬁ!'*KNOa6

ﬂO'*##:ﬀﬁA#&% ﬂS Fw
∆ϕ = 0
POﬃ
ω
#:ENﬃv-'*^ﬃ'*1*:##:ﬃﬂS()ﬁ_2ﬂ2c/2 ﬃEw
ω = ∇∧V
ﬀJC2 ?	/S()ﬀNﬃﬁ!'*^A!#:ﬀ"
A
/2 ?#. !#: ?!:ﬃﬂhw
∆A = −ω q;	"#(ﬁ
H-_2ﬂ*.!!ﬃﬂ2#: /*!ﬂZIVﬁE"#: !-#. ?!:ﬃﬂF() x-ﬂ*ﬃ'*#:#:`w
p = −∂φ
∂t
− u.u
2
− gl0
v20
z + P
q;	^(ﬁ

P
6>#. E!'*!/2!!!ﬂ
()'*A"K#. K/2 ﬃ6^?J D!:ﬃﬂ2ﬂ*-#:#^(*^#&% ﬁ'*#:-	-ﬂ,k
l0
ﬁ
v0
!ﬃﬂ,
'*ﬂ2E#:ﬃﬂ2Iﬃ'*'*^ﬁA'2ﬂ*ﬀN,!!!ﬀ()ﬀ!-5l-!ﬂ2ﬁ;
<@% ﬁ'*#:-	-ﬂ,bﬁJ ?ﬂ,=!'*/*/[,6\/*#. ?ﬂ9k#:bNﬃv-'*
A
ﬁ
ω
ﬂc% ﬂ`+,'c% '*ﬂ*xﬁ	/[,! ﬃﬂ
ﬂ*ﬂFﬂ,'*#:#:Uw
Az
-
ωz
; K ?ﬂﬁB- -k)ﬃﬂfw
Un =
∂Az
∂s
q; u$%(ﬁ
Us = −∂Az
∂n
q; u 8ﬁ
t%t
    
$	 	 	ﬃ $@%   @
 
	
 
,
 
,MS:, C;MKN7:/ BL36@9R=?/21<587:;>/21<36@ KD(;M/?1<3 5 P 7:9R3
n #. F!'*!57 ﬃﬁ#:1*ﬃk4:#>ﬁe):6'*ﬂ*U()][!ﬂ2ﬁU()/*6:ﬃﬂsﬂ!#:ﬀ()')eT82'*.()
+,'*:#:1*-/2 ?E#. Z-ﬂ2!:ﬃﬂq6'*/[6_-##:ﬃ;c<c1*:#. ?ﬂq()ﬀﬁﬂ ﬃﬂ,!Kﬂ2ﬃ	 ﬃ#K% ﬁa
()ﬃﬂw
n ·T · n|S = σ
ρv20
κ
q2;vu%u(ﬁ

Tij = −pδij + (v0ν/l0)(Vi,j + Vj,i)
k
σ
6#: 
!-ﬂ2!:ﬃﬂF()ﬀ!'*!57 ﬃﬁk
ρ
#: 
	U !!
Nﬃﬃ#:'*	.+'2ﬃk
κ
#: Mﬁ'*1*'*#:) ?#:	Xmﬃﬂ*ﬂ*$()$#: M!'*!57 ﬃﬁk
v0
-
l0
'*ﬂ*$NOa6Uﬁ
'*ﬂ*ﬀ#:ﬃﬂ*I'*-'*A()ﬀ!-5l-!ﬂ2ﬁ;
<\% -e):6!ﬂ2ﬁx(4% '*ﬂ*xNO.!-!a\:	/[!#: 0-ﬃﬂ:ﬂ,'*!^()bNO!!!bﬁ>()=-ﬃﬂ,!J ?:ﬂ!
 ﬃﬂ*Iﬃﬂ!:-#:#:;[PO=#d% ﬃﬂs6'2/*/[!ﬃk(2 ?ﬂ2H#
 ﬃA/*!-ﬂ,k[+,'*#d%  ?:H6K()mOﬂ2 ?	.+'2-	-ﬂ,
ﬂ ﬃva5k ﬃ#> Eﬁﬂ!:1*')ﬂ ﬃ'12#. ?ﬂU()@ﬁﬂ ﬃﬂ,!` ﬃﬂ*Iﬃ-ﬂ,!:-#:#:@()ﬃ -!/*!.!
-I, ?#:E" -!Fw
s ·T · n|S = 0
(2;vuyx ﬁ
0Bﬁ-6!B(*-!ﬂ23!E+,'2 ?!:ﬃﬂck)ﬃﬂS(*()'*H+,'*Uw
siVi,jnj = −niVi,jsj
q2;vuﬃ ﬁ
ﬁe)/*6:ﬃﬂF+,'*E#&% ﬃﬂF/[-')Hﬁ:!E(* ﬃﬂ2^#:E-/[3!K#:) ?#>w
un,s + Un,s = −us,n − Us,n
 
,
 
, ,  5 BG5 36@BG3587:/LBL36FG5
<\% ﬁﬃ'2#	ﬂK(*'M82'*.()
/[63()ﬃk[(* ﬃﬂ206ﬂM-ﬂ6	1*#k'2ﬂ*
-ﬃ	/[ ?ﬂ,!B:!?J Di
!:ﬃﬂ*ﬂ2-#:#F+'2Zﬂ*ﬃ'2
 XNﬃﬃﬂ2Bﬂ*ﬃ!
u
ﬁ+,'*Zﬂ*ﬃ'B/2!ﬂ2()!ﬂ2ﬁ		Zﬁ5l!-ﬂﬁZ()
ﬃJ()^()ﬀIﬃJ ?ﬂ2()'*Ew
||u|| = O (1)
\!3(*Z#d% :ﬂ!657 ﬁﬃkb:#-e):6!Z'*ﬂ*Z	:ﬂ2ﬁFﬁﬃ'C*r()$82'*.()F(4% -/2 ?.6'*
δ
(2 ?ﬂ2
#: +,'*-#:#:0#: ().!!:/2 DﬂZNO:+,'*-'2!06^ﬂ*ﬂ)i&ﬂ*Iﬃ#:I ﬃ1*#k,?% 66i"Di():!HZ#:EC ?	/F()
NOa6^:!?J Dﬂ*ﬂ*-#:#:xﬂ2B!')zH/2 /[ﬃ'*H()ﬁE#&% ﬁﬃ'*#:-	ﬂ; 	0ﬂM6'2/[-/[!- 
()ﬃﬂ?k,(* ?ﬂ2ﬁ-60ﬁﬃ'C*H#:	aﬃk,#d% -ﬃ'*#:-	ﬂ? ?!:ﬃﬂ*ﬂ2-#2"ﬀ'*ﬂ$ﬁ'*#	-ﬂ/*'*ﬁi
	-ﬂ!ﬃ Dﬂ*ﬂ*#
U
;ﬃp@ﬂUﬃ')!k?ﬃﬂU6'2/*/[!-J K+,'*#:@ﬁ]yﬁ@NO.!+,'*')e().6/ ?J ?.!!-ﬂ,
-ﬂM()-C*()ﬀ#: -ﬃ'2JC*E#:	!;
0Eﬁﬁ!!E()-ﬂ*:3-H-	U ?J+,'*ﬃkﬃﬂZ/[-')()()'*:!K+,'*0#:^()-Nﬃk,!'*N? ?ﬂ,#. ﬂ*ﬃ!i
	U ?#:"Z#&% ﬂ,!-!57 ﬃ-ﬃk4()IﬃJ ?ﬂ2()'*JA#::-E"Z#&% ﬁ'*#	ﬂE? ?!:ﬃﬂ*ﬂ2-#`6ﬂE(*
#&% ﬃJ()!
()
δ−1
5l:A-IﬃJ ?ﬂ()-'*Jx-#:#:6i&	-	)6)-H+,'*ﬀ#:A()!:Nﬃ-H6'*:ND ﬃﬂA#: J ?ﬂ*I-ﬂﬀﬂ*
C ?ﬂ*IK/2 ^#'*() 7 ﬃ/*/*e):	 ?!:ﬃﬂF()Bﬁﬃ'C*E#::	!ﬁv;
0'T57 ﬃaﬀ+,'*
ωz = Vs,n − Vn,s = −2Vn,s
k[-E+,'*
Vn,s
E()'h	 	
ﬃJ()+,'*
Vn (O(1))
k*ﬃﬂS Fw
ωz = O (1)
tﬂ#
      
$'88! 
 
   
  ﬂ!	' $&	     @     
	0k)ﬃﬂS Fw
ωz = 2Vs,n = 2us,n +O(δ−1Us)
Hﬂ2K#. N,!!!
Us
6ﬂ*ﬁ! ?:!	-ﬂ(4% '*ﬂSﬃJ()K()ﬀIﬃJ ?ﬂ2()'* ?'F/*#:'2^I ?#c"
δ
; `6!'*#:ﬃﬂ2A+'2
Us
6-][v!:Nﬃ-	ﬂH(c% ()
δ
w
Us = O(δ)
<b K():Nﬃ-Iﬃ-ﬂﬁx(*'C2 ﬃ	/
U
ﬁJ ?ﬂ>ﬂO'*#:#kDﬃﬂﬁﬂ*ﬂ2 ?`I ?#:-	ﬂ`#&% (*!x(*^IﬃJ ?ﬂ2()'*
()
Un
w
Un = O(δ2)
Hﬀ#&% +,'2 Dﬂhw
∆Az = −ωz
ﬂF/[-')H()()'*:!ﬀ#d% ﬃJ()E()EI ﬃﬂ2()'*()
Az
w
Az = O(δ2)
 
,
 
,gT ,   FL7"18;>=?/ BL31<587:/L@~=?5<1 BG3
Az
<@% ﬃ1 ﬁ!5x(*-ﬁ6ﬁ'2()B()UﬁﬃI-0#. rN,!!/[?-ﬂ,!:-#:#ﬂ*!	U ?#:
/['*
/*-ﬂ()!E-ﬂMﬁ	/*!E#. ﬁ'2JC*E#:	!ﬀNO:+,'*-'6w
dx
dt
= ∇ϕ+ Unn
	0
#. TNOa6Zﬂ*!	U ?#:
Un
6
I ﬃ#r"T#: s()!:Nﬃ-$J ?ﬂ*I-ﬂ##:r()r#. sﬁ	/[,! ﬃﬂ
!'*:ND ?ﬂ,
z
()'TNﬃv-'*0/[?!ﬂ#
A
;
¨
#957 ?')K(*ﬃﬂ2ﬀﬁﬀ'*ﬂ*+' D!:ﬃﬂT()B!J ?ﬂ2!/[ﬃ!
/['*
Az
;
<@% +,'2 ?!:ﬃﬂTNﬃvﬃ##:
()LH XNO:-!iP,ﬃQﬃH ?ﬂ2K():	-ﬂ2!ﬂs/[ﬃ'2K'*ﬂs82'*.()ﬂ*-^i
ﬃﬂ*:-ﬂSﬂ2-ﬃ	/*6:1*#:K-ﬂS/*!-ﬂ2ﬁﬀ()ﬀIﬃJ NO!E% ﬁaﬀw
∂v
∂t
+ (v · ∇)v = −∇p− gl0
v20
ey +
ν
v0l0
∆v
q; u !ﬂﬁ

l0
ﬁ
v0
!ﬃﬂF'2ﬂ*h#:ﬃﬂ2Iﬃ'*'*rﬁS'*ﬂ*fNOa6f()f!-5l--ﬂ2-ﬃk
ν
6F#. gNO:ﬁ,6!
-ﬂ*	U D!.+,'*ﬀ(*'r82'2:();
Re = v0l0/ν
A#:Eﬂ*	1*!ﬀ(*wm,ﬂ2ﬃ#.(*()ﬀ#d% -ﬃ'*#:-	-ﬂ,;
POA#&% ﬂ - ﬃ#:-'*#S#:M!ﬃ ?!:ﬃﬂ*ﬂ*#()T-ﬁ6Mﬁe)/*6:ﬃﬂ9k`ﬃﬂR1)!:-ﬂ,$'*ﬂ*M+,'2 ?!:ﬃﬂ
()B ﬃﬂ2!/[ﬃ!A/[ﬃ'*0#: Zﬁﬃ	/[,! ﬃﬂ!6'*:ND ﬃﬂ
z
()'TNﬃv!'*Aﬃ'*1*:##:ﬃﬂ9k(* ﬃﬂ2A#. ﬃ+,'*##:
ﬂc%  ?/2/2 ?J ?.!!-ﬂ,x/2#'2#. /*6:ﬃﬂrﬁA#:K-	ﬀ( M"#: I XNO!w
∂ωz
∂t
+ (v · ∇)ωz = ωz ∂vz
∂z
+
1
Re
∆ωz
q; u%(ﬁ

∂vz/∂z
Aﬂ,'*#3:X;
%  ?/2!3x#&% +,'2 Dﬂ|;	"#*kOﬂS Fw
∆
∂Az
∂t
+ (v · ∇)(∆Az) = 1
Re
∆(∆Az)
q; u~t ﬁ
;X=BHGFI=KI=S P <8GT>S
tﬃ
    
$	 	 	ﬃ $@%   @
 
	
P)H#&% ﬂ '):#.6s#: ()-ﬃ	/[!!:ﬃﬂ()T#. qNO!!T()-_2ﬂ*:T/*ﬁ()-		-ﬂ,kﬃﬂ 6
!ﬂ2(Mﬁ	/)!+,'*#B!!	
(U · ∇)(∆Az)
60(4% ﬃJ()B ?'M/*#:'2H-I ﬃ#9"
δ
;[<9 U/2 ﬃ6
/[?-ﬂ##:B()'F!-	ﬀ-ﬃﬂ,Nﬃva5=/[-'*k2+,'2 ﬃﬂH"-#:#k*% ﬁ:!w
(u · ∇)(∆Az) = unAz,nnn + usAz,snn +O(δ)
= ∂n(unAz,nn) + ∂n(usAz,sn)− un,nAz,nn +O(δ)
= ∂n(∂n(unAz,n) + ∂n(∂n(usAz,s))
−un,nAz,n)− ∂n(un,nAz,n) +O(δ)
= ∂nn(unAz,n + usAz,s)− 2∂nn(un,nAz) +O(δ)
= ∆((u · ∇)Az + 2us,sAz) +O(δ)
#K/2 ﬃ ?IﬃH"#. 
()-ﬂ*3!0-I ﬃ#!0')!:#:: ?ﬂ,x#. ﬂ,'*#:#!ﬀ()0#. (*Nﬃ!I-ﬂ2-0()
u
ﬁ^#H57 ﬃa
+,'*E#:A()-N-6'2N? ?ﬂ
s
ﬂc% :ﬂ!)()'2:!-ﬂ,A+,'*B()^!-	(c% ()K:ﬂ)5l-'*A"
δ
;
	0ﬂF/[')H ?#:ﬃJx')!:#::!-A#E57 ?H+'2w
∆Az = −ωz = 2Vn,s = 2un,s +O(δ2)
 ?:ﬂ2!^+,'*r#:r57 ?U+'2
ν
()ﬃ:Nﬃ ﬁ!S()F#d% ﬃJ()r()
δ2
/[ﬃ'*+,'*Sﬁﬁ!!rC*-!:F6a
ND ﬃ#: ﬃ1*#; 	0ﬂF1)!:-ﬂ,Bw
∆(
∂Az
∂t
+ (u · ∇)Az + 2us,sAz − 2un,s
Re
) = O(δ) (2;vu # ﬁ
<9H()-')eM()-NﬃA!'*N? ?ﬂ,
n
 ?'2Iﬃ	-ﬂ, ?ﬂ,HJC2 ﬃ-'*ﬂ*B#d% ﬃJ()ﬀ()
δ
k2#:ﬀ!-	B!ﬃ'2
#B<9 ﬃ/*#. ﬃﬁ:-ﬂF6A(4% ﬃJ()
δ3
;2<9K!!	
(U · ∇)Az
ﬁJ ?ﬂ,A(4% ﬃJ()
δ3
k*ﬃﬂFﬃ1)ﬂBw
dAz
dt
= −2us,sAz + 2
Re
un,s +O(δ3)
q2;vuy ﬁ
F#. ()-:Nﬃ-E/2 ?!!.ﬁ'2#: ﬃ0H()-_2ﬂ*B-ﬃ		w
d
dt
=
∂
∂t
+ (u + Unn) · ∇
 
,
 
,
 
,   FG7$18;N=?/ BG3 1<587e/A@~=5<1 BG3
Un
p\ﬂf6'*1a'2 ?ﬂ,E#d% ﬁe)/*!ﬂT()
p
()ﬃﬂ*ﬂ2-
/2 ﬃK#d% +,'2 ?!:ﬃﬂl2; 'Z"Z#&% +,'2 Dﬂh()
LH XNO6iﬃQﬃ ()	-ﬂ6:ﬃﬂ*ﬂ2-|2;vu$!*kbﬂgﬃ1*!:-ﬂU'*ﬂ*F+' D!:ﬂg(*r!J ?ﬂ2!/[ﬃ!
/[ﬃ'*
U
w
∂U
∂t
+ (U · ∇)U + (U · ∇)u + (u · ∇)U = −∇P + 1
Re
∆U
q2; x$% ﬁ
()K#: +'2-#:#0ﬃﬂr(*()'*k)-ﬂF- ?#.ﬁ'2#: ﬃﬂx#:0/*)()'*^- ﬃ#: ﬃH XNﬃ
n
kO'*ﬂ*K+' D!:ﬃﬂZ/[ﬃ'*
#: Uﬁﬃ	/[ ?ﬂ,!Kﬂ2ﬃ	 ﬃ#
Un
()
U
w
dUn
dt
−U · dn
dt
+ (U · ∇)un = −∂P
∂n
+ ν∆Un
q2; x ﬁ
#$%
      
$'88! 
 
   
  ﬂ!	' $&	     @     
<c!!	A()	:ﬂ2 ﬃﬂH()-ﬁ6B+,'2 ?!:ﬃﬂM!ﬃﬂ,H(4% ﬃJ()
δ
k()ﬂ2 ∇P ()ﬃH#d% ﬁ!
I ?#:-	ﬂ; 	0k
∂P/∂n
6()K#d% ﬃJ()0()
δ−1P
/*'*.!+,'*K#:0I ():-ﬂ^ﬁ	/2!ﬂ2($'*ﬂ*
()!:Nﬃ-ﬀ!'*:ND ?ﬂ,#: ﬂ2ﬃ	 ﬃ#; 	0ﬂFﬂS()(*'*a0+,'*w
P = O (δ2)
 
,
 
,g ,  1<3 5  ;>/L7"18;N=?/ BL3IK>7 @4FG58A5836@4@4;N=?/ BG7:/L@ K>7 9R=?FL9G3
KM;> ;p143
0 ﬃﬂ2$#&% +,'2 Dﬂ ()M ﬃﬂ2!/[ﬃ!$(*
Un
k!0#d% ﬃﬂ ()ﬁ.()h()Tﬂ2-Iﬃ#::Iﬃ-$#:$!!	
(4% ﬃJ()E6'2/[-'*"
δ2
k*ﬃﬂS()-	U ?J+,'*-+'2w
ν
∂2Un
∂s2
= O (δ4)
ν
∂2Un
∂n2
= O (δ2)
dUn
dt
= O (δ2)
Un
∂un
∂n
= O (δ2)
	0ﬂFﬃ1)ﬂH ?:ﬂ2!4'*ﬂ*ﬀ+,'2 ?!:ﬃﬂF/[ﬃ'*#. ()-:Nﬃ-Eﬂ*ﬃ	U ?#:E()
P
w
∂P
∂n
= U.
dn
dt
− Us ∂un
∂s
+O (δ2) q; x~uﬂﬁ
x ?#.ﬁ'*#:ﬃﬂx	U ?:ﬂ-ﬂ2 ﬃﬂA#: +,'2 ﬃﬂaw
α =
∂V
∂s
.n
 XNﬃ
V =
dOM
dt

O
A'*ﬂS/[ﬃ:ﬂH()'S/*#. ?ﬂF-
M
#:E/[ﬂ,A(4% ﬁ'2()B!'*#. !'*657 ﬁE#:1*ﬃ;
	0ﬂﬀ/')b:ﬂ!!Nﬃ69#: A()!:Nﬃ-@/2 ?!!:-#:#:>-9#. A()-:Nﬃ->/ ?!!.ﬁ'*#. ?:!k-ﬁ\+,'*,()ﬃﬂ2ﬂ*Aw
α =
d
dt
(
∂OM
∂s
)
· n

∂OM
∂s
= s
A#: 
J ?ﬂ*I-ﬂ,!ﬀ"#. 6'2657 ﬁﬃ;
	0ﬂS ()ﬃﬂ2w
α =
ds
dt
· n = d
dt
(s · n)− s · dn
dt
= −s · dn
dt
# 
    
$	 	 	ﬃ $@%   @
 
	
<9E/*-	:-^!!	ﬀ()'M!ﬁﬂ2(r		1*ﬀ()ﬀ#d% +,'2 ?!:ﬃﬂ2; x0u/[-'*H-% -!:
w
U · dn
dt
= Us
(
s.
dn
dt
)
+O (δ2)
POﬃk*ﬂF')#:.! ﬃﬂA#ﬀ!6'2#aJ D/*ﬁ()-ﬂ,ﬀw
U · dn
dt
= −Us
(
∂V
∂s · n
)
+O (δ2)
= −Us ∂u
∂s
· n +O (δ2)
= −Us ∂un
∂s
+O (δ2)
=:ﬂ2 ?#:-	ﬂk2ﬃﬂFﬃ1)ﬂBw
∂P
∂n
= −2Us ∂un
∂s
+O (δ2)
	0k
Us = −Az,n
k2()ﬂ2w
∂P
∂n
= 2
∂
∂n
(
Az
∂un
∂s
)
+O (δ2)
p\ﬂ
:ﬂ-I ﬃﬂ>ﬁﬁ!!()-ﬂ*:3--I, ?#:aﬃkXﬃﬂ
ﬃ1*!:-ﬂ>'*ﬂ*()-_2ﬂ*a:ﬃﬂ(*x#. K6'*/*6:ﬃﬂ
(* ?ﬂ^#: -ﬃ'2JC*E#:	!k*-ﬂF5lﬃﬂ2ﬁ!:ﬃﬂS!-'2#	ﬂH()B()ﬃﬂ2ﬂ*-A()ﬀ#: !'*!57 ﬃﬁE#:1*w
P = 2Az
∂un
∂s
+O (δ3) q2; x%x ﬁ
 
,
 
,  ,  n=?/ABL;N18;N=?/ BG/G7: ;  FL3
<b Aﬁﬃﬂ()a:ﬃﬂB()mOﬂ2 ﬃ	.+,'*\"#. A!'*657 ﬁ@#:1*\% 1)!:-ﬂ,9ﬂﬀ-	/*#. 
 ?ﬂ9#&% -eO/2!!!ﬂ
()
p
q;	^(ﬁx(* ?ﬂ2#ﬀ1*:#: ﬃﬂS()Aﬁﬂ!J ?:ﬂ^ﬂ*ﬃ	U ?#:Kw
∂ϕ
∂t
+
u · u
2
+
gl0
v20
z − 2Az ∂un
∂s
+
2ν
v0l0
∂Vn
∂n
=
σ
ρv20
κ+O(δ3)
∂Un/∂n
E()
#d% ﬃJ()()
δ3
k[(*ﬃﬂ2ﬃﬂT/[-')ﬀ6:	/*#:a_2K-ﬁ6
+,'2 ?!:ﬃﬂTﬁ057 ?:
ﬂ,!!Nﬃﬂ*#. ()!:Nﬃ-E/2 ﬃ6:-'*#: ﬃE()
ϕ
w
dϕ
dt
− Unun − u · u
2
+
gl0
v20
z − 2Az ∂un
∂s
− 2ν
v0l0
∂us
∂s
=
σ
ρv20
κ+O(δ3)
	0ﬂR().!/[!F ﬃﬂ2!(4% '*ﬂ*Mﬁﬂ2()!:ﬃﬂR()mOﬂ2 ﬃ	.+,'*F/[ﬃ'2#S/[?!ﬂ#
ϕ
"h#: f!'*!i
57 ﬃ-
#:12!k57 ﬃ: ?ﬂ,K:ﬂ-Nﬃ-ﬂ*:
Az
ky/* ﬃ#: ﬃ1*#	-ﬂE ?#.ﬁ'*#:
IVﬁ
"r!ﬃﬂs+,'2 Dﬂh()
!J ?ﬂ2!/[ﬃ! 2;vuy2;
#0u
    
M% J 
 
,
 
, 2,  69R7eJ; 18FLK>7$1<;NP
LA'2rNﬃ-ﬂ*ﬂ2r()f/*!6ﬂ-r'*ﬂ*f	ﬁ!C2)()h/[-	ﬁ! ﬃﬂS()qﬁﬃIﬃ$#. NO!!!
/[ﬃ!-ﬂ,!:-#:#$()(*'*a$()#&% +,'2 Dﬂf() !ﬂ2ﬃ'*#:#&;9-6U-ﬃ!v!:ﬃﬂsﬂ2ﬁ!!!#: Fﬁi
!ﬃ#:')!:ﬂh(4% '*ﬂ*+,'2 ?!:ﬃﬂf()
 ﬃﬂ26/[6K/['*K#. Fﬁ	/[ ?ﬂ6'2N? ?ﬂ
z
()'fNﬃﬁ!-'2
/[ﬃ!-ﬂ,!:-#
A
;
<9 ﬁﬂ2()!:ﬃﬂS-ﬂ*	 ?!.+,'*E/[')H()!ﬃ	U ?.^-% -!:!w
dx
dt
= ∇ϕ+ Unn
q; x% ﬁ

Un
6H()ﬁ-!	:ﬂ*-ﬀIﬃJVﬃ-K"#. !#: ?!:ﬃﬂhw
Un =
∂Az
∂s
q; x !ﬂﬁ
<9 ﬁﬂ2()!:ﬃﬂS()mOﬂ2 ﬃ	:+,'*ﬀ"#. 6'2657 ﬁK#::1*!B-% -!ﬀw
dϕ
dt
−U · u− u · u
2
+
gl0
v20
z − 2Az ∂un
∂s
− 2ν
v0l0
∂us
∂s
=
σ
ρv20
κ+O(δ3) q; x0(ﬁ
Az
6A- ﬃ#:-'*#:E-ﬂF!ﬃ#:ND ﬃﬂ6ﬂr+' D!:ﬂF()E!J ?ﬂ2!/[ﬃ!Ew
dAz
dt
= −2us,sAz + 2
Re
un,s +O(δ3)
q; x4t ﬁ
	0ﬂS/[ﬃ'*J ?:	 ﬃIﬃ:ﬂ*-Hﬁ!:Iﬃ-^I ?#:-	ﬂA#. NO!!E ﬃﬂ*Iﬃﬂ!:-#:#:ﬃ;LA ?ﬂ*	ﬃ:ﬂ2k
-ﬁ6ﬁ!ﬁ!:ﬃﬂMﬂ*
	*()a_ﬂTﬂT#&% Nﬃﬃ#:')!:ﬃﬂs()
#. Z!'*657 ﬁk/*'*.!+,'c% '*ﬂ*!'*657 ﬁ
I-ﬃ	-!:+,'*Kﬂ*B!ﬀ()-/*#. ﬁﬀ+,'*ﬀ!'*:ND ?ﬂ,A! ﬂ*!	U ﬃ#;
   
 lr xhFv ilF
GAﬂ*	-!C**()(4% :ﬂ-I ﬃ#^()x5lﬃﬂ,!:3-=/[ﬃ'*>#=ﬁ'*#	-ﬂJ=/2#: ﬃﬂ2=/[!:)().+,'*
()A82'*.()\ﬂ*ﬃﬂUNO:+,'*-')e ﬀﬁA/*!-ﬂ-H(* ?ﬂ2\ﬁHJC2 ﬃ/*a!;ﬃGHﬂ*A5lﬃ	'*#: ?!:ﬃﬂ ﬁ/*0-!
"S#&% 	/2# /[-	ﬁ6J ?ﬂ,()Zﬁﬃ!:IﬃK#. SN,6U/[?!ﬂ##:$()$#&% :ﬂ-!57 ﬃﬁU/['*ﬀ#:
82'2:()A57 ﬃ12#	ﬂKNO:+,'*-'*eS $ﬁ
()Nﬃ-#:ﬃ/*/[ﬃ;p@#:#
ﬂc%  $	 ﬃ#C2-'*-'2!-	-ﬂ,0/2 ﬃH/*'
-! ?/2/*#.+,'*-U ?'f ﬃE()'q()-5l-#	ﬂkc()K/2!1*#3	E()'2ﬀ"F#: r/[!:)().ﬁ!- ﬃﬂ
!'*Nﬃ-ﬂ,'x#:ﬃJ^()ﬀ#&% :	/*#:-	-ﬂ, Dﬂc;
<9 h	ﬁ!C2)()Sﬂ,!-I ﬃ#F/[ﬃ'* ﬃa ﬁS ﬃ65Z57 ﬃﬁ:#:-	-ﬂ,U ﬃ/*/*#::+,'*S ?')egﬁ'*#:ﬁi
	-ﬂ,\ﬂ*ﬃﬂU/[-*():+,'*>-ﬃ		ﬃkﬃ/2 ﬃ@ﬁe)-	/*#:ﬃkﬃ'2ﬂ*Aﬃﬂ2(*A!ﬃ#: ?:()ﬁ5l!#. ?ﬂ,\!'*\'*ﬂ*
/*#. ?Iﬃ;2<9 U!-'*#:B-ﬃﬂ2()!:ﬃﬂSﬂ*ﬁ! ?:!ﬀ"Uﬁ-6E5l!	'*#. ?!:ﬃﬂFH#: U-ﬃﬂ*ﬂ2 ﬃ.! ?ﬂ2-E!ﬃ
()'/[ﬃ!-ﬂ,!:-#()
NO!!!k`6a(*r#. T5lﬃﬂv!:ﬃﬂR()Sﬁﬃ'*J ?ﬂ,!'*JC2 ﬃ-'*ﬂ*F()
/[6i
ﬂ2K()'fﬁﬂﬃ'*;[nH:ﬂ26&k[!')!
5lﬃﬂ3!6#::()
Nﬃ-_2ﬁﬁ!!ﬁﬂ2()!:ﬃﬂs/*'*.+'2
#. 
5lﬂ2vﬂS()Bﬁﬃ'2 ﬃﬂ^mZHﬁﬃﬂJ ?ﬂ 7ﬁﬂ26 ?ﬂ,!ﬀ+,'*ﬀ#d% ﬃﬂF/[')HJC*ﬃ.6:^ﬂO'*#:#ﬁv;
#%x
    
$	 	 	ﬃ $@%   @
 
	
#y
  
    	
     }hI     }6
	 6      
   
\hsf¥m1v ilr  ih   k jSlsfilnm  6,r ihxkuwk,lnm
0 ﬃﬂ2Kﬁﬁ!!
/2 ﬃ6:ﬃkﬂ*'20()ﬁNﬃﬂ2H#6m)6!3	(4% +,'2 Dﬂ2H!Iﬃ.! ?ﬂ,H'*ﬂsﬁ')i
#:-	-ﬂ,
/[?!ﬂ#\ﬂq!ﬃ.B():	ﬂ2!ﬂ2Bﬁ#:B+,'2 Dﬂ2ﬀ:ﬂ-IﬃJ ?#:ﬀ/[-	ﬁ6J ?ﬂ,
()
()-!!	:ﬂ*-#. ()ﬂ26!B()B():/ 
ﬃ#:^-#. NO!!Kﬂ2ﬃ	 ﬃ#ﬀ"#d% ﬂ,!657 ﬁﬃ;
J_!$[<'&(ﬂ)$]&('j4Z-ﬀ\[ f(`4]
POc'*ﬂMJC2 ?	/M()ﬀNOa6
u
-#9+,'*B!ﬃﬂF!ﬃ ?!:ﬃﬂ*ﬂ*#yAﬂO'*#c/2 ﬃ6ﬃ')k* ﬃ#x:#
/[')H% ﬁE6'2^#: 
5lﬃ	w
u = ∇ϕ

ϕ
 ?/*/[#0/[?-ﬂ,!:-#4()xN,!!ﬁ^6^()-_2ﬂ*4"'*ﬂ*05lﬃﬂ2v:ﬃﬂr()'$-	/2x/*3k
/*'2:+,'*ﬀ+,'c% #cﬂc%  (*ﬀ!-ﬂ2A+'2E/2 ﬃ!ﬃﬂFIﬃJ ﬃ():-ﬂ,k*()ﬂ2K/2 ?A!()!:Nﬃ-^!/2 ?!. ?#:;
<9 r-ﬃﬂ2(*aﬂh(4% ﬂﬁﬃ	/*6:1*:#:aﬃk['h()-ﬃﬂ2!-ND ?!:ﬃﬂT(*#: r	 !!
/[-')B ?#:ﬃJ
% ﬁw
∆ϕ = 0
-
+,'*=!:Iﬃﬂ*_2
+,'*
ϕ
0'2ﬂ*B5lﬂ2vﬂTC2 ?	ﬃﬂ*.+,'*()0ND ﬃ!. ?1*#:H(4% 6/ ﬃﬁ;4ﬁ6
/*ﬃ/2!:ﬁE/[-	ﬁ0(4% '*!:#.!-H#ﬀ!C*ﬃ3-	B() K!-ﬂSﬁHﬂS	ﬃﬂ!k*IﬃJVﬃ-E"U--#:'*ij-dk
+,'*x/['*`'*ﬂ*^!'*!57 ﬃﬁ
S
ﬂ)5l-	U ?ﬂ>'*ﬂ
Nﬃ#'*	
Ω
kD#x/[ﬃ!ﬂ!:-#)ﬂ
'*ﬂ
/[ﬂ,`:ﬂ!!:-'2
M
/[-')0-% ﬁe)/*	^-ﬂF5lﬃﬂ2ﬁ!:ﬃﬂS()'S/[?-ﬂ,!:-#9!'*#. 6'*!57 ﬃ-w
4piϕ(M) =
∫
S
(
1
λ
∂ϕ
∂n
− ϕ ∂
∂n
(
1
λ
))
dS
 !*;	ﬁ

n
6@#. Eﬂ*!	U ?#:^'*ﬂ2aJ ?:!-eO!-:-'*"E#. ﬀ!'*657 ﬁﬁ
λ
#. ﬀ().6 ?ﬂﬁ-ﬂ,!#:A/[ﬃ:ﬂ
M
ﬁA#:E/[ﬂ,A(c% :ﬂ-IﬃJ DﬂF!'*#: !'*!57 ﬃ-ﬃ;
POb#&% ﬂTﬁﬂ26.()3!ﬀ	U ﬃﬂ,!-ﬂ ?ﬂ0#:B/2!1*#3	BﬁeO!!:-'*k*!' ﬃ'*JA/2 ?HJ ?/*/[6H ﬃ'
/[ﬂ,
M
k#ﬀC*-!3	() K--ﬂM/[-	-0(4% ﬁﬀ'*ﬂ*!-ﬃﬂ2()B+,'2 D:ﬃﬂck2!:	:#. ?:!
"#. /*-	:3-!k)/[ﬃ'*#:E/[ﬃ!-ﬂ,!:-#c-e,-'*
ϕ′
w
∫
S
ϕ′
∂
∂n
(
1
λ
)
dS =
∫
S
1
λ
∂ϕ′
∂n
dS
# !
    
ﬃ&ﬁ
	6  ﬃ (
	   @ ! #6	(  @ J 

n
Z!' ﬃ'*J$#: ﬂ2ﬃ	 ﬃ#TﬁeO!!:-'*T ﬃ' /2!	:-Z	:#:-'9kx?% 66i"Di()M#: 
ﬂ*ﬃ	U ?#:B:ﬂ-'*!
 ﬃ's6ﬁﬂ2(4;p@ﬂhﬃ')!k#. Zﬁﬂ2()a:ﬃﬂsﬁ:ﬂ*	 ?!.+,'*
"Z#: U5lﬃﬂ,!:3-
()A()-'*eZ82'*.():	/,6E#. -ﬃﬂﬂO'*!B()NOa6^ﬂ*ﬃ	U ?#:Kw
∂ϕ
∂n
|S = ∂ϕ
′
∂n
|S
nH/*/[-#:ﬃﬂ2
µ
#:F! ﬃ')()F/[?!ﬂ#^"T#&% ﬂ,!-!57 ﬃ-sw
µ = ϕ − ϕ′ ;`<@% +,'2 ?!:ﬃﬂ !); 
()-NO:-ﬂ,H ?#:ﬃJ0w
ϕ(M) = − 1
4pi
∫
S
µ
∂
∂n
(
1
λ
)
dS
 !);vuﬂﬁ
-6M5l!	'2#: ?!:ﬃﬂ 	ﬂ!s()s	U ?ﬂ*:3-MNO:()ﬂs+,'*s#: N? ?#:-'*Z(*'/[ﬃ!-ﬂ,!:-#
-ﬂ'*ﬂ/[ﬃ:ﬂ:ﬂ!!:-'2/[-')-!rﬃ1*!-ﬂO'*FIﬃJVﬃﬁkb'*ﬂ*.+,'*-	-ﬂ,k@"s#. hﬁﬃﬂ2ﬂ2 ?.! ?ﬂﬁ
(4% '*ﬂ*B()-ﬂ6!B()ﬀ(*/ 
#():6!:1*'*A6'*#. 6'2657 ﬁﬃ;-4	ﬃﬂ,!E-I ﬃ#	-ﬂA+,'*E#:
/[?-ﬂ#dky-E()ﬂ2#: ZNOa6 ﬃﬂ*Iﬃﬂ##:()0/ ?!!.ﬁ'*#:H82'*.()ky!ﬃﬂ,E():ﬁﬂﬂO'2
"U#. !J XNﬃ-J6ﬀ()#&% :ﬂ-!57 ﬃﬁ;2p\ﬂTﬁ]yﬁk#. $-ﬃﬂ:ﬂ,'*!
()#. UNO!!ﬀ ?ﬂ2Iﬃ-ﬂ,!:-#:#:B6
'*ﬂ*T ?J ﬃv-:6!.+,'*S()U-ﬃ'*#:-	-ﬂ,UNO:+,'*-')eﬁ$#::-T ?' ()Nﬃ-#:ﬃ/*/[	-ﬂZ(4% '*ﬂ*
ﬁ'2C2H()HNﬃﬃ!:-a/2!3\()H#&% :ﬂ-!57 ﬃﬁ;0 ﬃﬂ2\#0- \(4% ﬁ'*#:-	-ﬂ,/[?!ﬂ#:k,ﬁ-6!
Nﬃﬃ!!.ﬁ!E6!ﬃk)NO. #: (*:6!12')!:ﬃﬂS(*ﬀ():/ 
ﬃ#:k*-ﬃﬂ)_2ﬂ2-ﬀ!'*#&% :ﬂ-!57 ﬃﬁ;
¨
#9-%  ?Ia^	U ﬃﬂ,!-ﬂ ?ﬂA(c% -eO/2!:	-^#. 
N? ?#:-'*()'S/[?!ﬂ#c!'*#: 6'*!57 ﬃ-K-ﬂr5lﬃﬂvi
!:ﬃﬂ ()qﬁﬁ!!f-/2 ﬃ6!:ﬃﬂt()q():/ 
ﬃ#:kx-ﬂ /*-ﬂ2 ﬃﬂF#. g#:	!q(*h#&% ﬁe)/*6:ﬃﬂ !);vu
#+,'*#A/[ﬂ,
M
-ﬂ2(N-@'*ﬂU/[ﬃ:ﬂx()A#. ﬀ!'*!57 ﬃﬁ;	0ﬂ1)!:-ﬂ,6j\5;,nAﬂ*ﬂ2ﬁe)K ﬁ^w
ϕ(M) =
1
2
µ(M)− 1
4pi
∫
S
µ
∂
∂n
(
1
λ
)
dS
 !); x(ﬁ

µ(M)/2
6U#:S!6.()'ﬁ$#d% :ﬂ!IﬃJ ?#:S()ﬃ ﬁ!S/*!.!S ?' 6ﬂ2(*S#: fND ?#:-'2
/*ﬂ2-/ ?#:B()x ?'2JC,m;yﬁ6+,'2 DﬂS6H'*ﬂ2B+,'2 ?!:ﬃﬂT()*(*C*ﬃ#:	()
6ﬁﬃﬂ2(*
!/[3-/['*
µ
;ﬃPO&k?"H'2ﬂ
:ﬂ2J ?ﬂ,
t
kDﬃﬂ
#: K!'*/*/[!x!6#'*kﬃﬂﬁﬂ*ﬂ2 XW.>()ﬃﬂ2
ϕ
ﬁ
µ
ﬂ
!')/[ﬃ:ﬂA(*K#. !'*!57 ﬃﬁk)ﬁﬀ+,'*4ﬂ*'2x/[!	ﬁA()ﬀ- ﬃ#.ﬁ'*#:-^#. 
NOa6E(*^/2 ?!!.ﬁ'2#
82'*.()A!'*#&% :ﬂ-!57 ﬃ-ﬃ;
ﬂ*ﬂ2 ?.! ﬃﬂ
ϕ
k[ﬂT/[-')k4(* ?ﬂ20'*ﬂh/*!	:-0!	/-k4- ﬃ#:-'*#0#: ZNOa6 ?ﬂ2Iﬃ-ﬂ*i
!:-#:#:ﬀ(*^/ ?!!.ﬁ'*#:x82'*.()(*'F	:#:-'S:ﬂ-'*k*"#d% ﬂ,!657 ﬁw
ut = ∇sϕ

∇s
A#&% /[-J D!'*^IﬃJ ﬃ():-ﬂ,!'*#. 6'2657 ﬃ-ﬃ;
¨
#^ﬃk`!x#&% ﬂN-')Uﬁﬃﬂ*ﬂ XW.!Z#: sNO!!$? ﬃ#F()
/2 ﬃ6:-'*#
"s#&% :ﬂ-!57 ﬃ-ﬃk
"f()-!-	ﬂ2-#. hNO!!Fﬂ*ﬃ	U ?#:F"fﬁ##:ﬁiﬁ&; `ﬃ'*$ﬁ#: 2k`ﬃﬂ:ﬂ!*()'*'2ﬂNv-'*
/[?-ﬂ#
A
!#9+'2w
u = ∇ ∧A
0 ﬃﬂ2HﬁB ﬃk)ﬂS	ﬂ! vuy=+,'*B#: Nﬃv!'*
A
/[-')0% ﬁe)/*	-A-ﬂF5lﬂ2vﬂM()B#: 
()-ﬂ6!B()B():/ 
ﬃ#:
µ
w
A =
1
4pi
∫
S
µ n ∧∇s
(
1
λ
)
dS
 !);  ﬁ
#%
      
  	  
   $	
 ﬃ   
#d% :ﬂ!IﬃJ ?#:()ﬃ@-ﬂ2-ﬃﬁ!/*:! ﬃ'!-ﬂ2@()A#: END ﬃ#'*>/*ﬂ2-/ ?#:()0x ﬃ'2JC,m;
<9Nﬃﬁ!-'*
A
ﬁJ ?ﬂE()ﬁ-	ﬂ*kﬂM/[')E- ?#.ﬁ'2#H#. UNO!!()H/2 ﬃ6:-'*#82'2:()
ﬂ*!	U ﬃ#E"#&% ﬂ,!-!57 ﬃ-w
un = (n ∧∇s) ·A
<9 H()ﬁ-	:ﬂ2 ?!:ﬃﬂ()'JC2 ?	/()N,!!!\"A#&% ﬂ,!-!57 ﬃ-\ﬂ*ﬁ!!!()ﬃﬂ>'2ﬂ*:+,'*	-ﬂ
#. ﬁﬂ*ﬂ2 ?.! ﬃﬂ2ﬁE()'F/[ﬃ!ﬂ!:-#9(*N,!!!!'*#&% :ﬂ-!57 ﬃﬁ;
 !$ﬀﬃ`~]^]^&(ﬂ) "`af([m]'&g"Z)!$f([<ﬀﬃ&q^j$!$ﬂﬂ-[ !$`~]&gR^j4Z ﬀﬃ[8fg`~]
<9 f/*ﬂﬁ:/2 ?#:M()az$-'*#aT()	ﬁC*)():ﬂ-I ﬃ#!6.()M(* ?ﬂ#S57 ?Z+,'*S#:
ﬂ*Dm ?'*e()>ﬂ,!-I ﬃ#b/*-()ﬂ>6ﬂ@6:ﬂ*I'*#:-J;ﬃ0% >/['*>ﬁ-6^J ?.6ﬂ
+,'c% ##:
ﬂKﬁ
ﬂ,!)()'*!K ?'s!-ﬂ2K()
#:-'20N? ?#:-'*0/*ﬂ2-/ ?#:ﬃ; =ﬃ'2K!'*/*/*:	-K-ﬁ6!ﬂ)i
I'*#: ﬃ!ﬃkOﬂF')!:#::!ﬀ'*ﬂ*ﬀ/*ﬃ/*-!K	U ?!C*	 ?!.+,'*ﬀ()ﬀ#: 5lﬃﬂ2v:ﬃﬂS() K--ﬂfw
∫
S
∂
∂n
(
1
λ
)
dS = −2pi S !'*657 ﬁK5l-	
∫
S
n ∧∇s
(
1
λ
)
dS = 0
\()-')eND ?#:-'2>/*!:ﬂ2ﬁ:/2 ﬃ#>ﬂ*ﬃ'2@/[-	ﬁ6-ﬂ,(4% -!:!#:@+,'2 ?!:ﬃﬂ2 !); xEﬁ !*; 
!ﬃ'2^#. 
5lﬃ	w
ϕ(M) = µ(M) +
1
4pi
∫
S
(µ(M)− µ) ∂
∂n
(
1
λ
)
dS
 !*; !(ﬁ
A(M) =
1
4pi
∫
S
(µ− µ(M)) n ∧∇s
(
1
λ
)
dS
 !*;  ﬁ
F#^:ﬂ!IﬃJ ?ﬂ2(2xﬂ*ﬀ/*!-ﬂ-ﬂA/*#:'2A()B6:ﬂ*I'*#: ﬃ!!-;
¨
#> rﬁ	ﬃﬂ,!ﬃk4(* ﬃﬂ2E()NﬃE ?!!.ﬁ#:ky+,'*#:K:ﬂ-I ﬃﬂ2(*0ND ﬃ!:-ﬂ,05lﬃ!!	-ﬂB"
/*XeO:	!ﬀ()'F/[ﬂ,
M
;
¨
#4H()ﬃﬂ2Kﬂ2ﬁ! ?:K(4% ﬂ,! ?#:-()^/[ﬂ,!'*/*/2#	ﬂ)i
J ?:!
6'*#: h6'*!57 ﬃ-ﬃk=!-ND ﬃﬂ'2ﬂ*:+,'*	-ﬂU ?'- ?#.ﬁ'2#d; 0 ﬃﬂ2
#:r ﬃ/*!-ﬂ,k=ﬂ*ﬃ'
 XNﬃﬃﬂ2
')#:.6S(*
5lﬃﬂ2ﬁ!:ﬃﬂ2!/*#:ﬂ*/'*:ﬂ-/[ﬃ#:-#:ND ﬃ#'*()F#&%  ﬃ12ﬁ.!!ﬃk`()
#&% ﬃJ()ﬃﬂ*ﬂ*E()/[ﬃ:ﬂJ(*E#. 6'2657 ﬁﬃk)-A()
µ
;
J_!$[<'&(ﬂ)"`  `0ﬀﬃ$ﬂ)!"fgf(&?]^!"ﬀ f([n]^!6ﬀﬃop[8#0`
<@% ﬁ'*#:-	-ﬂ,>(4% '*ﬂ
82'*.()^ﬂ*ﬂ
NO:+,'*-')e6>()ﬁa>/2 ?`#. Kﬁﬂ2()!:ﬃﬂ()mOﬂ2 ﬃ	.+,'*ﬃk
ﬃ% !ij"?ij():0#&% +,'2 DﬂF() x-ﬂ*ﬃ'2##:c()E#. ﬃ+,'*##:EﬃﬂF/[-'*H()()'2w
dϕ
dt
=
1
2
u2 +
p
ρ
− gz (* ?ﬂ2 Ω  !);tﬂﬁ

ρ
6$#. q()ﬂ26!T(*'R82'*.()M:ﬂ-'*k
p
#: q/*!!!:ﬃﬂ:ﬂ-'*!M/2 ?UJ ?/2/6$"
'*ﬂ2H/*6:ﬃﬂ$()Hﬁ5l--ﬂ2-ﬃk
g
#&%  ---#:-J D!:ﬃﬂU()H#. B/[ ?ﬂ-'*k
z
#&% ()ﬂ*ﬂ*-H()'Z/[ﬃ:ﬂ
-ﬃﬂ2!:(*-KﬁA#. ()-NﬃK/ ?!!.ﬁ'*#. ?:!E(4% '*ﬂ*ﬀI ﬃﬂ2()-'2
α
6A()-_2ﬂ*:Bﬁﬃ		w
dα
dt
=
∂α
∂t
+ (u · ∇)α
#~t
    
ﬃ&ﬁ
	6  ﬃ (
	   @ ! #6	(  @ J 
¨
#[57 ?')^I ?#:-	-ﬂ,Nﬃ!_2#: ND ﬃ#.()!K()K#d% +,'2 ?!:ﬃﬂr()K<9 ﬃ/*#. ﬃﬁ0"#&% :ﬂ-!57 ﬃﬁk,ﬃ'
ﬁﬂ2()!:ﬃﬂS(4% +,'*:#:1*ﬀ()ﬁﬂ ﬃﬂ,!xﬂ*!	U ?#:Kw
[p]s =
σ
ρ
κ
6'*
S = ∂Ω
 !); #(ﬁ

σ
60#
ﬁO-z$ﬁ:-ﬂK()B!ﬂ26:ﬃﬂs()!'*!57 ﬃ-ﬀﬁ
κ
#. $ﬁ'*!12'*!B	Dmﬃ-ﬂ2ﬂ*B#:)- ﬃ#B(*
#: U6'*!57 ﬃ-ﬃ;
nR-x6 ()ﬃkXﬂ*ﬃ'2b5l-ﬃﬂ2b#&% COmO/[?!C23!x+'2#:\8'*:(*xﬁeO!!:-'*=6>()mOﬂ2 ?	.+'2-	-ﬂ,
ﬂ ﬃva5)-b+,'c% # !!'*`'*ﬂ*@/2!!!ﬂK'*ﬂ*5lﬃ	@!'*9#d% ﬂ,!657 ﬁﬃ;X0% 69/[ﬃ'*9-ﬁ!!@J ?.!ﬃﬂ
+,'c% '2ﬂ*Z6'*#$+,'2 D:ﬃﬂq(* x-ﬂ*'*##:@6Bﬁa 6c#:U/[ﬃ!-ﬂ,!:-#
ϕ′
ﬁeO!!:-'*Bﬂc% ﬁJ ?ﬂ
/2 ﬃA()ﬁ!!	:ﬂ*ﬃ;
	0ﬂM/[-')0!ﬁ:!E#d% +,'2 ?!:ﬃﬂM() x-ﬂ*'*##:9!'*A#&% :ﬂ-!57 ﬃ-ﬀﬁ0')!:#.!-H#: $6ﬁﬃﬂ2(*
+,'2 ?!:ﬃﬂF/[ﬃ'*A!'*/*/*	#: /*6:ﬃﬂhw
dϕ
dt
=
1
2
u2 +
σ
ρ
κ− gz  !); (ﬁ
<9 S/*6:ﬃﬂq D!	,6/*C2-:+,'*ﬂc%  ?/*/2 ﬃ DW.E/2 B(* ?ﬂ2B-ﬁ6U+' D!:ﬂq- ?B#U/[ﬃ!-ﬂ,!:-#
ϕ
6$()ﬁ_2ﬂ*H"s'2ﬂ*F5lﬃﬂ2v:ﬃﬂR()'!	//2!3-k>()ﬂ2
dϕ/dt
"s'2ﬂ*Mﬁﬃﬂ26J ?ﬂr/2!3-;
w-	U ﬃ+,'*ﬂ2H+,'*#: rﬁ'*!12'*!:ﬂ-!N-ﬂ2 ?ﬂ,E(* ?ﬂ2K-ﬁ!!
+,'2 DﬂT6K'*ﬂ*ﬁ'*!1*'2!
 ?#:Iﬃ1*!.+,'*ﬃkO(* ﬃﬂ2x#: 
	!'*0Z#:E ?')()K/2!!!ﬂ$/[')/*!ﬂ2()K()xND ﬃ#'*/[!i
!:Nﬃ=ﬃ'ﬂ*I DN-;
¨
#,57 ?')>()ﬂ2()ﬁ_ﬂ*`#. 0ﬁﬃ'2!1*'2!\ﬂ
 Xm ?ﬂ=/* ﬃ#: ﬃ1*#	-ﬂ=ﬃﬂ
#: U6'*!57 ﬃ-ﬃ;
	0ﬂS/[')H	U ?:ﬂ-ﬂ2 ﬃﬂH!ﬂ2()E#&% +,'2 Dﬂ !*; U ?ﬂ2A():	ﬂ2!ﬂM()()-')eS	 ﬃﬂ*:3-!
()][!ﬂ!Tw6aZ-ﬂ')!:#. ?ﬂr-ﬃ		MNOa6T(*Mﬁ5l!ﬂ2ﬁ
√
Rg
k\
R
Z'*ﬂ*
#ﬂ*Iﬃ'2-'*U- ﬃ v!!.:+,'*F()'R/*ﬃ1*#:3-	S-ﬃﬂ2!:(*-ﬃk>6aﬂ'*!:#. ?ﬂ
√
σ/ρR
; 	0ﬂ
ﬃ1)ﬂA!/[ﬁ!:Nﬃ-	-ﬂ,ﬀw
dϕ
dt
=
1
2
u2 +
σ
ρgR2
κ− z  !);  % ﬁ
dϕ
dt
=
1
2
u2 + κ− ρgR
2
σ
z
 !); $ﬁ
#:Aﬂ*ﬃ	12!A() xﬃﬂ2(
ρgR2/σ
6\#H6'*#2ﬂ*ﬃ	12!A ?ﬂ2@():	-ﬂ2!:ﬃﬂU(*ﬁ!!	:ﬂ2 ?ﬂ,\-
m,/[E(4% ﬁ'*#:-	-ﬂ;2x()')e$+,'2 Dﬂ2!ﬃﬂ,x!:Iﬃ'*!'2!-	-ﬂ.()-ﬂ.+'2x/*'*.!+,'c% #
6'*z0()B	'*#!:/*#:H#: /2!	:3-E/ ?A#Bﬂ*ﬃ	1*B() ﬂ2(F/[ﬃ'*Aﬃ1*!-ﬂ2A#. U!ﬁﬂ2()ﬃ;
LA ?ﬂ*	ﬃ:ﬂ2kcIVﬁU"M-ﬁ!!$ﬁa'*!kcﬃﬂ/[-')
Nﬃﬃ:B/*#'ﬀ57 ﬃ-#:-	-ﬂ,#:()-'*eqﬁ	
i
/[ﬃ!!	ﬂJH ﬃ!mO	/)!ﬃ!.+,'*H()
ﬁIﬃ-ﬂ*()B/2!1*#3	 6"$! XNﬃk2(4% '*ﬂ2/2 ?!k[6b#:
ﬁ]yﬁJB()!ﬂ2!ﬂq()U!'*657 ﬁU6ﬂﬀﬂ*-I#:Iﬃ ?1*#:Kﬃ'9kc(4%  ?')!/2 ?!kc!>#. FIﬃJ NO!6
ﬂ*-I#:Iﬃ ?1*#:ﬃ; K ?ﬂ20#:/2!	:-E- ﬃk#:!-	
(*!-ﬂ6:ﬃﬂs!'*/[6_-##:
()
#&% +,'2 Dﬂ
!);  %F().!/2 ?J XW.EﬁB#&% ﬁﬃ'2#	ﬂ()-NO:-ﬂB'*ﬂ2Nﬃ!-# 6c(* ﬃﬂ2E#:U!-ﬃﬂ2(4kcﬃ% B#!!	
( U"K#: KI XNOax+,'*2().6/ ?J XW.>()^#&% +,'2 D:ﬃﬂ !*;	 xﬁ@#d% -ﬃ'*#:-	-ﬂ,@()NOﬂ@-I, ?#:-	-ﬂ
'*ﬂ*:Nﬃ-J6#d;
 ﬃ:!ﬃﬂ*ﬂ2-	-ﬂ,b6:	/*#:\ﬂ*'2b-ﬃﬂ2()'*`"H()=ﬁﬃﬂ6.()-J Dﬂ24ﬂO'*	-:+,'*-;DPO,#d% ﬃﬂ
ﬂ*/*-ﬂ(s/2 Kﬂqﬁ	/)#. rIﬃJ XNOaﬃky/2 ?ﬀﬁe)-	/*#:ﬃk4:#>ﬀ:	/[ﬃ! ﬃﬂB()Uﬁﬂ*ﬂ2 XW.!
#d% ()E()EI ﬃﬂ2()'*^(*^J ?/*/[6Jx(c% C*##:A()E#. ﬁ'*!12'*!k)()ﬀ	U ?ﬂ*:3-E"
57 ?:K#:
- ﬃ#:-'*#4/[ﬃ'2ﬃ1)-ﬂ*:A()ND ﬃ#'*()
ϕ
 ﬃﬁ-/)J ?1*#:  O(1) ﬁ ;
#$#
      
	
 
	8!  @ 	 ﬂ ﬃ        ﬃ$  	  	  
Wﬂ)"$&q^&(ﬂ) #%&g"j4 [<^&(_!$`
<9 ﬁﬂ2()!:ﬃﬂSﬁ:ﬂ*-	U ?!.+,'*Eﬁe)/*:	E#:K57 ﬃaH+,'*E#. NOa6Eﬂ*!	U ﬃ#E"#&% :ﬂ-!57 ﬃ-
()/2 ﬃ6.ﬁ'*#:^82'*.()AH-I ﬃ#:ﬀ"#: NO!!!B()ﬀ#. U!'*657 ﬁ;2POa
x
#: /[,6!:ﬃﬂM(4% '*ﬂ
/[ﬂ,K()
#: Z!'*!57 ﬃﬁ 6[!
u
60#. $N,!!
()#. $/2 ﬃ6:-'*#
 Xm ?ﬂ,0-ﬁ6/[,6!:ﬂT"$'*ﬂ
:ﬂ26 ?ﬂ,H()ﬃﬂ*ﬂ2Eﬁ
n
#: ﬂ*ﬃ	U ?#:E"#: !'*!57 ﬃﬁk)#: -ﬃﬂ2()!:ﬃﬂS-ﬂ2-	U D:+,'*ﬀ% ﬁﬀw
dx
dt
· n = u · n  !); ^u(ﬁ
     
f  fjmSvxr$hxv k j 2hl ,r ih  kuwk,lnm >umjvxk
f 9v f xk
<c@+,'2 ?!:ﬃﬂ2>/*ﬁ()-		-ﬂ,\ﬁ ﬃ1*#:@!ﬃﬂ\ND ?#. ?12#`/[ﬃ'*@'2ﬂﬁ'*#	-ﬂ@!.()ai
	-ﬂ6:ﬃﬂ*ﬂ2-#&;*<cﬃJ+'20#:E/*!1*#:3-	K6A ?eOi6mO	ﬁ!.+,'*ﬃkO#c6/[6:1*#:E()ﬀ!	/*#:_2-
-ﬃﬂ2!:(*-J ?1*#:-	-ﬂ,ﬁ^+,'2 ?!:ﬃﬂ2;
PO#&% ﬃﬂu()-!s#d% -ﬃ'*#:-	-ﬂ,h(* ﬃﬂ2T'*ﬂu!mO6!3	()ﬁO()ﬂ*ﬂ*-MﬁmO#:ﬂ2().+'2
(r, θ, z)
kﬃﬂ /[-'*r!'*/*/[!-k@/[ﬃ'*rﬁ-! ﬃﬂ2U/2!1*#3	$ﬁ		T#: ﬁ ﬃ#!--ﬂ2-M()
()')eTIﬃ')!!0-ﬂf ?/[! ﬃﬂ!'*k[+,'c%  ?'ﬁ'*ﬂ*ND ﬃ!. ?1*#:ﬂc%  r()(*-/[-ﬂ2(2 ?ﬂ2-
ﬂ
θ
k4?% 66i
"?ij():
+,'*
∂/∂θ ≡ 0 /['*0ﬃ')K#:KI ﬃﬂ2()-'20()'f/*ﬃ1*#:3-	ﬃ;yp@ﬂf/2 ﬃ6:-'*#:-k[-
(* ﬃﬂ2B#. M!'*!r()Z-ZC ?/*!ﬃk9ﬂ!'*/*/[,6Z+,'*$#. SNO!!!$(2 ?ﬂ2B#. T()ﬁ!:ﬃﬂ
θ

ﬂO'*##:ﬃ;
POﬃ
M
'*ﬂh/[ﬃ:ﬂﬀ() ?#.ﬁ'*#>()ﬁ)ﬃJ()ﬃﬂ*ﬂ*
(R, 0, Z)
;c<9 r(*:6 ﬃﬂ2ﬁ
λ
ﬂ!ﬁ
/[ﬂ,-A#ﬀ/[ﬃ:ﬂ
P
()BﬁO()ﬂ*ﬂ*-
(r, θ, z)
/[')H% ﬁw
λ(R,Z, r, θ, z) =
√
(r +R)2 − 2rR(1 + cos θ) + (z − Z)2  !*;	^x(ﬁ
	0ﬂf/[')
()-ﬃ	/[!-ﬀ#:ﬀ:ﬂ-IﬃJ ?#:ﬀ()ﬀ+,'2 ?!:ﬃﬂ2 !); ﬁ !); F-ﬂ6/2 ?J ?ﬂﬀ#:
:ﬂ-IﬃJ D:ﬃﬂ2x-ﬂ
r
k
θ
-
z
w
ϕ(M) = µ(M) +
1
4pi
∫
s
(µ(M)− µ)r
∫
θ
∂
∂n
(
1
λ
)
dθ ds
 !*;	' ﬁ
A(M) = − 1
4pi
∫
s
(µ(M)− µ)r
∫
θ
n ∧∇s
(
1
λ
)
dθ ds
 !*;	 !ﬂﬁ

s
A#&%  ﬃ12!-:!Eﬁ'*NO#:Iﬂ*E(*ﬁ:ND ?ﬂ,^#. !'*657 ﬁﬃ;
	0ﬂZ	ﬂ! &\5;*nAﬂ*ﬂ2ﬁe)ﬀ ﬁ k)+,'*0#:x()')e$:ﬂ!IﬃJ ?#:!'*
θ
/['*Nﬃ-ﬂ,^% ﬁe)/*	-
ﬂr5lﬃﬂv!:ﬃﬂM(4% :ﬂ-I ﬃ#x-#:#:/):+,'*ﬀw
ϕ(M) = µ(M) +
∫
s
(µ(M)− µ) Kϕ ds
 !*;	^(ﬁ
Aθ(M) = −
∫
s
(µ(M)− µ) KA ds
 !*;	ﬃt ﬁ

Kϕ
ﬁ
KA
!ﬃﬂ0()5lﬃﬂ2ﬁ!:ﬃﬂ2H(*A:ﬂ!IﬃJ ?#:-#:#:/):+,'*H-ﬃ	/*#:3ﬁ!H()B/*-	:-
-^!.6:3-	0mO/[ﬃ;
#%
    
ﬃ&ﬁ
	6  ﬃ (
	   @ ! #6	(  @ J 
<9>N,!!!=J ?ﬂ*I-ﬂ##:^-@ﬂ*ﬃ	U ?#:^-% 1)!:-ﬂ*ﬂ*ﬂk?-ﬂU6mO	ﬁ De). ?#:ﬃk?"K/2 ?!k
!6/[vNﬃ	ﬂk*()
ϕ
-
Aθ
w
ut =
∂ϕ
∂s
 !);  # ﬁ
un =
1
r
∂rAθ
∂s
 !); ' ﬁ
<9H ?#.ﬁ'*#[()A#. ﬀNO!!Aﬂ*ﬃ	U ?#:/[!A'*ﬂ$/*!1*#:3-	H6'*#d%  De)H()06mO	ﬁk?% 66i
"Di():!ﬀ/[ﬃ'*
r = 0
; 	0ﬂM-ﬃﬂ26 ?!B+,'*B#. #::	()
Aθ
+,'2 ﬃﬂ2(
r
!ﬂ2(SNﬃ -$()ﬃ
ﬂ*-! ﬃ-	ﬂ ﬁ!ﬀﬂ,'*#:#;*p@ﬂS-][-k6c#d% ﬃﬂS()ﬁ	/[,6
un
k*ﬃﬂr!'*Nﬃw
un =
∂Aθ
∂s
+
Aθ
r
∂r
∂s
	0ﬂr ?^+'2
limr→0 ∂r/∂s = 1
k)()ﬂ2H/[ﬃ'*^+,'*0#. N,!!!0ﬂ*ﬃ	U ?#:06'*x#&%  ?e)0()
6mO	ﬁ!:ﬀ ?'*ﬂ2EN? ?#:-'*^_2ﬂ*:ﬃk*ﬂS()ﬃNﬃ!_2-ﬀw
lim
r→0
Aθ = 0
> ?! ﬃﬂA()BﬁE57 ?k*#:ﬀ(*-Nﬃ-#:ﬃ/2/	-ﬂA#:	!ﬀﬂ -!U()
Aθ
% ﬁEw
Aθ(s¿ 1) = s∂Aθ
∂s
+ o(s2)
 !);vu % ﬁ
p@ ?ﬂ,H()ﬂ*ﬂ*ﬀ+,'*
s ∼ r -ﬂ -!kOﬃﬂS 
_ﬂ2 ?#:-	-ﬂ,Bw
un(0) = 2
∂Aθ
∂s
 !);vuﬁ
GHﬂS ﬃ:!ﬃﬂ*ﬂ2-	-ﬂ.()-ﬂ:+,'*B-ﬃﬂ2(*'*aH"#. 	-	E5lﬃ	'*#E/['*#&%  ﬃ')!E/ 
ﬃ#:ﬃ;
    
m1t  sklahsu jv ahsk
<9^6m)6!3-	^(4% +,'2 Dﬂ2="0!6'2()!\>-ﬃ	/[!x()x#. 0ﬁﬂ2!-ND Dﬃﬂ()x#. 0	 !!
l+' D!:ﬂM()
<9 ﬃ/*#. ﬃﬁB/[ﬃ'*
ϕ
ﬁa6'25lﬃ	B:ﬂ-IﬃJ ?#:8ﬁ k()B#&% +,'2 DﬂM(* x-!i
ﬂ*ﬃ'2##:96'*#. !'*657 ﬁEﬁH()ﬀ#: -ﬃﬂ2()!:ﬂF-ﬂ2-	U D:+,'*Uw
∆ϕ = 0
 !);vu%u(ﬁ
dϕ
dt
=
1
2
u2 − z + κ
Bo
 !);vuyx ﬁ
dx
dt
· n = u · n  !);vuﬃ ﬁ
P)H#&% ﬃﬂ ()ﬁ_ﬂ*aF#: !'*!5l ﬁs"q#&%  ?.()s()s/[ﬃ:ﬂ 
x
ﬁvk:#K ?/*/ ?J XW.$+,'*s#: NO!!
 ﬃﬂ*Iﬃﬂ!:-#:#:()
-H/:ﬂHK ?1*!J ?:!ﬀ/*'*.!+,'c% '*ﬂ*
!'*!57 ﬃﬁBI-ﬃ	-!:+,'*ﬀﬂ9%  $/2 ﬃ
()hNOa6TJ ?ﬂ*Iﬃﬂ##:ﬃ;^<cfC*ae#h/*#:'2F6:	/*#h6S()s/2!ﬂ2()T#. NOa6h()
$%
      
ﬃ&ﬁ 
	6	 ﬃ@.&  
/2 ﬃ6:-'*#:
82'*.()-k@-S+,'*A!N,:-ﬂ,U"h'*!:#.!-k>ﬂ*ﬂ/*#:'2#. f-ﬃﬂ2()!:ﬃﬂ ﬁ:ﬂ*-	U D:+,'*
/*-()ﬂ!k)	U ﬃ:Ew
dx
dt
= u
<9 	ﬁC*)()ﬀﬂ,!IﬃJ ?#:K')!:#::!-ﬀ:-c/[-') -!E!- ?/2a'*#ﬀ ?:ﬂ26>w
tﬂ*ﬂ2 ?.! ﬃﬂ=#. 0/[!!:ﬃﬂ()`/[ﬃ:ﬂJ`()^#&% :ﬂ,!-!57 ﬃ-xﬁ>#:x/[ﬃ!ﬂ!:-#
ϕ
"0#&% :ﬂ26 ﬃﬂ
:ﬂ*!. ?#&kﬂﬀ/[-')`()ﬁ-	ﬂ*
µ
-ﬂJC2 ﬃ-'*ﬂB(*ﬁ9/[ﬃ:ﬂJ9-ﬂB!6#N? ?ﬂ9#d% +,'2 ?!:ﬃﬂ
()B2!()C*ﬃ#:	 !*;	^
<b ﬁﬃ'*1*'*K#:)- ﬃ#E6A- ﬃ#:-'*#:-E-ﬂF!ﬃ'^#:^/[ﬂ,A()ﬀ#d% ﬂ,!657 ﬁ

µ
/[!	-0()
()ﬁ-	:ﬂ*H#Nﬃﬁ!-'2H/[?!ﬂ#
A
"U#. $!'*657 ﬁﬀIVﬁB"U#d% :ﬂ!-i
I ﬃ# !); ﬃtﬀ-H ?:ﬂ269(4% 1)!ﬂ*:#: N,!!!Eﬂ*ﬃ	U ?#:
uN

ϕ
/[-	-A()B- ﬃ#:-'*#:-#: NO!!!0J ?ﬂ*I-ﬂ,!:-#:#B()/2 ?!!.ﬁ'*#:x82'*.()
uS
<9x/[ﬂ,()E#d% ﬂ,!657 ﬁE!ﬃﬂ, ﬃ()NﬃvxIﬃJVﬃ-0"-^(*-')erﬁ	/[ ?ﬂx()E#. 
NO!!!
<9E/[?-ﬂ,!:-#
ϕ
H ﬃ(*NﬃvE-ﬂr-	/2IVﬁE"#d% +,'2 ?!:ﬃﬂS() x!ﬂ*'*#:#
	0ﬂrﬁﬃﬂ2ﬂ2 ?x ﬃﬂ2!
ϕ
-x#/[!aﬂ2()/[ﬂ,x()0#&% :ﬂ-!57 ﬃ-0"#d% ﬂJ ?ﬂ6'*:ND ﬃﬂxﬁ
ﬂF/[-')A!!^#:ﬀ/*!)-6'-;
ﬁ`4]'#%ﬀ\& $'&(ﬂ)"`afg[n]'!"ﬀﬃop[8#%`l`~$`4]#\i$[8e] ]^#%[8fg[8&qﬀﬃ`4]
<cH- ﬃ#:-'*#2()@ﬂ,!IﬃJ ?#:`ﬂ2ﬁ!!a'*ﬂ2Aﬂ,!-/[ﬃ#. D:ﬃﬂ(*@/[ﬃ:ﬂJ\()A#: B6'*!57 ﬃ-ﬁ
()cND ﬃ#'*c()
ϕ
ﬁ
µ
;-p@ﬂB')!ﬃk-#- ?#.ﬁ'*#(*@#. -ﬃ'*1*'*`	Dmﬃ-ﬂ*ﬂ2>#:) ?#:`=()az$-#:
"Bﬁ]yﬁ!'*x! ﬃﬂ2@'2ﬂ*H:ﬂ-/[ﬃ#. D!:ﬃﬂ9kﬃ/*'*.!+,'c% :#257 ?:ﬂ-Nﬃ-ﬂ*:#: ()-:Nﬃ-H!-ﬃﬂ2()0()
-OﬃJ()ﬃﬂ2ﬂ*-H()0/[ﬃ:ﬂJH/2 ﬃ0 ﬃ/*/[ﬃ!0"$#d%  ?1!ﬁ.6
ﬁ'*N,:#:Iﬂ*ﬃ;yPO=#&% ﬂs6'*C2 ﬃa+,'*
#. Rﬁﬃ'*1*'*f6aMﬁﬂ!:ﬂ,'2f#:f#ﬂ*IR()f#&% ﬂ,!-!57 ﬃ-ﬃk^:#ESﬂ2 ?!'*-#ﬀ()C*:!:F'*ﬂ*
:ﬂ-/[ﬃ#. D!:ﬂs/[ﬃ#:mOﬂ*ﬃ	. ?#:()'h!ﬃ.!3	()ﬃ;4<@% ')!:#. Dﬂf()5lﬃﬂ2ﬁ!:ﬃﬂ2ﬀ6/*#::ﬂ*
-'*1*.+'2 BﬁHﬁ-ﬂ,'2H/[ﬃ'*xﬁ-6!0ﬁ'2()k,/*'*.!+,'c% #y%  ﬃIﬃ\1*:-ﬂZ(c% '*ﬂ2H:ﬂ-/[ﬃ#. Dﬂ
()'F!:!3	KﬃJ()ﬃ;
	0ﬂF!/*!-ﬂK#. !'*657 ﬁE/2 ?'*ﬂ*BJC2 DW.ﬂ*B()ﬀ/[ﬃ:ﬂ
(ri, zi)
k2"UC2 ﬁ'*ﬂS(*+'2-#.
-ﬃ!6/[ﬃﬂ2(*-ﬂ'*ﬂS/[?-ﬂ#
ϕi
ﬁA'2ﬂ*B()-ﬂ2!!B()B():/ 
ﬃ#:
µi
;
¨
#9%  ?Iﬃk*"/2 ?!A()
-ﬁ6B().6!1*'*!:ﬃﬂM()ﬀ/[ﬃ:ﬂJ-k2()Eﬃ'*Nﬃ-'*ﬂ*Bﬂ,!-/[ﬃ#. DﬂF-ﬃ!v!;Op>J ?ﬂ,H(*ﬃﬂ*ﬂ*
+,'*h#: g!'*!5l ﬁsﬂc% F/2 Zﬂ*ﬁ! ?:-	-ﬂ,Z!/*!6ﬂJ ?1*#:T/2 ?r'*ﬂ*s5lﬃﬂ2ﬁ!:ﬃﬂt()h#. 
().6 ?ﬂﬁE"#d%  De)E()ﬀ!m,	-! j\5;*=:I2; !); 8ﬁ kOﬂF()ﬃ')!:#::!-'*ﬂ*E:ﬂ-!/[#: ?!:ﬃﬂF()
N? ?#:-'*JK()
ri
-
zi
-ﬂs5lﬂ2vﬂf(4% '2ﬂh/2 ﬃ ﬃ	3ﬁ!	ﬂ*?ﬃﬂ*
#:#:ﬃﬂ2IF()#d% ﬂ,!657 ﬁﬃ;
0Z/*#'-kb#:B:ﬂ-IﬃJ ?#: !*;	^F- !*;	ﬃtr!ﬃﬂ,ﬁ]yv'*-
6'*#&%  ﬃ12ﬁ.!!$ﬁ'*NO#::Iﬃﬂ*;9<c
JC*ﬃe#:A/2#'2!	/*#:0ﬁﬃﬂ2!.A(*ﬃﬂ2A"ﬀ/*-ﬂ()!A/[ﬃ'*\/2 ﬃ ﬃ	3ﬁ!#: B().6 ﬃﬂ2ﬁH-'*	'*#
ﬂ!ﬀ#:A/ﬂ,H()'S	U ﬃ#:#. ?Iﬃk*+,'*cH'*ﬂ* ?/*/2!Xe)	U DﬂF()B#d%  ?12ﬁ.6ﬀ-'*!NO:#:Iﬂ*ﬃ;
nH/*/[-#:ﬃﬂ2
s
ﬁﬀ/2 ?J ?	3ﬁ!; 	0ﬂS Fw
si =
i−1∑
0
√
(ri+1 − ri)2 + (zi+1 − zi)2
<cK5lﬃﬂ2ﬁ!:ﬃﬂ2ﬀ6/2#:ﬂ*ﬀ!ﬃﬂBﬁﬂ2a'*-E(4% '*ﬂf-ﬂ6	1*#U()/[ﬃ#:mOﬂ 
ﬃ	K()'h!ai
!3	0()-I!k(*ﬁ_2ﬂ*.x6'2xC2 +,'*06Iﬃ	-ﬂ,x()A-#:#:0!ﬃ!!H+,'c% -#:#:!ﬃ:-ﬂ,x()Kﬁ#. ﬃ6 C2
 
    
ﬃ&ﬁ
	6  ﬃ (
	   @ ! #6	(  @ J 
 ﬀ
!*;	;w &%  .ﬃ/ﬂ	ﬀ  ﬁ"/% '$ . / ﬁ %   '$ 	ﬀ !ﬀ$
 . ﬀ  '$ !&/2% 
 ﬁ"/2%   .  ﬁ %  
 0ﬁ!  
 ?')ef/[ﬃ:ﬂ() ﬃﬂ2ﬁ!:ﬃﬂ()ﬀ/[ﬃ#:mOﬂ 
	-;cp@#:#B!ﬃﬂ,()ﬂ2U()-:ND ?12#ﬀ()-')eh5l:B-ﬂ
ﬁ^/[ﬃ:ﬂJ^-#:-'2A()-:Nﬃ-ﬀ6ﬁﬂ2()E6AﬁﬂﬂO'*ﬃ;
	0ﬂS()-!!	:ﬂ*ﬀ-x5lﬂ2vﬂ2!/*#:ﬂ2-'*1*.+,'*/[ﬃ'*#:ND ?#:-'*J
ri
k
zi
k
ϕi
ﬁ
µi
k
/[ﬃ'*B#:U/2 ﬃ ﬃ	ﬁ!J ?Iﬃ
s
C2ﬃ.6@/*-()		ﬂ;bLH?ﬃﬂ2B+,'*$-U/2 ?J ?	-!J ?Iﬃﬂc% 6
/2 ﬃ9#:!-'2#/[!1*#:ﬃ;
¨
#,6b/*ﬁ5l ﬃ1*#:ﬃk(2 ?ﬂ2b--! ?:ﬂ2b- ﬃk#+,'*@#9/[ﬂ,b!ﬃﬂ,9!3
/*)C2#x'*ﬂ2x-()^ ﬃ')!x(* ﬃﬂ2x'*ﬂ*K-Iﬃ:ﬂZ()K#: 6'2657 ﬁﬃkO(c% '):#.6^#: 5lﬃﬂ2ﬁ!:ﬃﬂ
ﬁﬂ!:ﬂ,'2
ξ
kO DzUﬂ*H/ ?	- ﬃ')e4kﬃ+,'*[ND ﬃ')
i
 ﬃ'U/[ﬂ,
i
;,<9\:ﬂ-IﬃJ ?#:@-ﬂ2-ﬃﬂ,!-
(* ?ﬂﬀ#d% +,'2 ?!:ﬃﬂ2B()Z*()C2ﬃ#:	 ﬁ/['*B#Z- ?#.ﬁ'2#\()
Aθ
!ﬃﬂ, ?#:ﬃJEﬁ]yv'*-6'*
s′(ξ)dξ
;2<9 +,'2 ﬃﬂ!!
s′(ξ)
6^57 ﬃ-#:ﬀ" ?#.ﬁ'*#:-k)/*'*.!+,'c% ﬃﬂS Fw
(
ds
dξ
)2
=
(
dr
dξ
)2
+
(
dz
dξ
)2
<cZ5lﬃﬂ2ﬁ!:ﬃﬂ2F!/*#:ﬂ2F()
r
-
z
- ?ﬂ,S ?#.ﬁ'*#:-r XNﬃ
ξ
ﬁﬃ		h/2 ﬃ ﬃ	3-!ﬃkﬃﬂ
ﬁﬂ*ﬂ2 ?#:-'*H()-NﬃK/*-	:3-K/ ? ﬃ/*/[ﬃ!"
ξ
;
 j4]^ﬂ-fg!6^&(ﬂ- "`afNbcj4_!"[<^&(ﬂ) $` ﬃ ﬀﬃ`4"i$ﬂ)f(
<9Mﬂ*Dm ?' ()T#d% :ﬂ-IﬃJ ?#:M()s*()C*#	  !); ^(ﬁvk@	-	T% #H/[-J( ! 6:ﬂ*Iﬃ'2#: ﬃ!!
IﬃJVﬃ-r"s#. s/2!/*!:ﬁr	 ?!C*	U D!.+,'*F')!:#::!-F/2!ﬁ()		ﬂk`ND ﬃ!:$5l6-	-ﬂ,U ?'
Nﬃﬃ.!ﬂ2 ﬃIﬃZ()'/[ﬃ:ﬂU()F- ﬃ#:-'*#&k=ﬁﬂ*?J ?		-ﬂ#+,'*rﬁ-#:'*ij-^!$!'*Nﬃr ﬃ'/ 
#
7!'*@#&%  De)A()A!mO	ﬁ!:8ﬁv;	0ﬂﬂ*/[')()ﬂ2^/2 @- ?#.ﬁ'2#>#:>:ﬂ-I ﬃ#>"E#d%  ?.()A(4% '*ﬂ*
6:	/*#:H!3Iﬃ#:H()'U!J ?/[35-A'$()EPO	/2!ﬃﬂc;O<9 6#')ﬂU-	/*#:Dmﬃ- ()!:ﬃﬂ*ﬂ*##:-	-ﬂ,
ﬁﬂ26.6!"r:ﬂ- ?#:-E()K/[ﬃ:ﬂJE()	U ﬃ#:#. ?Iﬃ+,'*>!-NOﬃﬂ,0'*ﬂ2:+,'*	ﬂB ﬃ'h ?#.ﬁ'*#
0u
      
ﬃ&ﬁ 
	6	 ﬃ@.&  
()=:ﬂ-I ﬃ#-;p@ﬂJC2 ﬁ'*ﬂ()ﬁ=/[ﬃ:ﬂJ-kDﬂ,!!/[#bIVﬁx ?')e!/*#:ﬂ2`-'*1*.+,'*kX
 ?#.ﬁ'*#:-#. END ?#:-'*@ﬁe* v!A()'Uﬂ*Dm ?'c;	0ﬂ/[-')\ﬂ2!'*aA')!:#.!-@#. E3-Iﬃ#:(4% :ﬂ!IﬃJ Dﬂ
()'F ﬃ/[3$-ﬀ6'2AC2 +,'*Eﬂ,!-ND ﬃ##:E(*ﬁ_2ﬂ*9/2 ?#:^ﬂ2ﬃ'*Nﬃ ?')eZ/[ﬃ:ﬂJ-;
='*U#: f!6#'*!:ﬃﬂ(*S#d% +,'2 ?!:ﬃﬂR()M2()C*#	Sk@()')eg/[,!!12#:aU-% ?]y!ﬂ$"
ﬂ*'2 w
 0.!ﬁﬁ.6-Aﬁ-6ﬀ+,'2 Dﬂr-#&% ﬁ:!E!ﬃ'x#. 
5lﬃ	ﬀ(4% '*ﬂM6m)6!3-	E	U D!.ﬁ:-#
Aijµj = ϕi
 '
1*:-ﬂ
57 ?:!^-ﬃﬂ,Nﬃ!I-b#:>!-=()LA'*	U ?ﬂ*ﬂﬂ
')#:.! ﬃﬂ@ﬁ		ﬁﬃﬂ()aﬂ
:ﬂ*!. ?#:ﬀ()^N? ?#:-'*J^()
µ
/*)JC*()E#. !ﬃ#:')!:ﬃﬂc;
0 ﬃﬂ2A# ﬃ()B()ﬁﬁ!!ﬁ!'()ﬃkﬂ*ﬃ'2H XNﬃﬃﬂ2')#::!B#. U!ﬁﬂ2()B!ﬃ#:')ﬂc;2<cAND Di
#:-'*JK()
µ
 ﬃ'T/2 K()-	/2K/*ﬁ()-ﬂ,Kﬃﬂ,Kﬁ
')#::!-Kﬁ		
N? ?#:-'*JHﬂ*: ﬃ#-;
POﬂ
µni
#:AND ?#:-'*JA()B#: $()-ﬂ2!!()():/ 
ﬃ#:H"#&% ! ?!:ﬃﬂ
n
;<cND ﬃ#'*J"#&% aﬁi
J Dﬂ
n+ 1
!ﬃﬂ,ﬃ1)-ﬂO'*IﬃJVﬃﬁE"#&% +' D!:ﬃﬂ !); 'rw
µn+1(M) = ϕ(M)−
∫
s
(µn(M)− µn) Kϕ ds
 !*; u !ﬂﬁ
c!-4()\LH-'*	U ?ﬂ2ﬂﬀ-ﬃﬂONﬃ-Iﬃ-ﬂ,4Nﬃ-J4#: !ﬃ#:')ﬂckﬁﬂE/*J D:+,'*@ !!$> ﬃ/*:()	-ﬂ\w
ﬂ,NOﬃﬂ'*ﬂ*0()  ?:ﬂ*H(4% ! ?!:ﬃﬂ2@!')z$!-ﬂ\/['*\ ﬃ/*/*)C2->#. ﬀ!ﬃ#:')!:ﬃﬂU"
10−6
/*3;
<9S-!!3!S()Mﬁﬂ,Nﬃ!I-ﬂ2ﬁF+,'*Sﬂ*ﬃ' XNﬃﬃﬂ2')!:#::!S.ﬁ/[ﬃ!!S!'*#. hN? ?#:-'*U()S#. 
ﬂ*!	E:ﬂ)_2ﬂ*:B()E#. ()]y--ﬂ2ﬁB()A()')erNﬃv-'*J
µni
-
µn+1i
;
 , T ,>S:,  7:@BG3 1<36 A@C7:BG7eG1<7$18;NP
<@% ')!:#:: Dﬂh(4% '*ﬂh/2 K()
!	/2E (* ?/)J Da5\/[!	ﬁﬀ()I, ?J()-0'*ﬂf-ﬃﬂ	
#!'*
#&% -!-'20ﬁ]yﬁ!'*6'2K#: F6#'):ﬃﬂc;[p\ﬂhﬁ]yﬁk4!'*/*/[,6ﬂ20+,'c% "Z#&% :ﬂ26 ?ﬂ,
t
ky#/2 K()
-	/2x ﬃax'*ﬂ*0ND ?#:-'2
τ0
;Ont/2 ﬃ6x()Kﬁﬁ!!0N? ?#:-'*kﬃﬂZ ﬃ()Nﬃv!HﬂU-	/2#:\/[ﬂ,
()#. r6'2657 ﬁ
ﬁE#:
/[ﬃ!-ﬂ,!:-#
ϕ
()()-')eT	U ﬃﬂ*3!0()]y--ﬂ wy#. Z/*-	:3-/['*
τ0
k[#. r!ﬁﬂ2()
/[ﬃ'*
τ0/2
k4()-')eM5l:E()!'*!;cPO`#d% ﬃﬂh!'*/*/[,6
	U ?:ﬂ-ﬂ2 ﬃﬂﬀ+'2
#. 
!ﬃ#:')!:ﬂ1)!ﬂ,'*A/[ﬃ'*
τ0/2
6@#. ﬀ!ﬃ#:')!:ﬃﬂU()'U/*ﬃ1*#:3-	A"E#&% :ﬂ26 ﬃﬂ
t+τ0
kﬃﬃﬂ/[-'*
()-_2ﬂ*:x'*ﬂ*K-!'*!-/2!6ﬂ ﬃﬂ#&% - ﬃ6ﬂ!Kﬁ-6K!ﬃ#:')!:ﬃﬂZﬁx#. 
6#'*!:ﬃﬂ$1)!ﬂ,'*
/['*
'2ﬂg/2 
(*Z!	/(*
τ0
;><@% -!'*+'2rﬂ*ﬃ'2 XNﬃﬃﬂ
C*:!:Z6k`'*ﬂ*r5lﬃ.()
/*#:'2ky#: ZN? ?#:-'*E()#: Zﬂ*!	
ﬂ*_2ﬂ*:()
#. r()][!ﬂ2ﬁ()E()-'*eT(*:6!:1*')!:ﬃﬂK()
ϕ
;
ﬂ*ﬂ2 ?.! ﬃﬂ@ﬁ-6!A!-'*kDﬃﬂ/[') ?#:ﬃJ-kD/2 ﬃ>-e)-	/*#:ﬃkﬃ(*NO.6>#:/ ﬃ@()!-	/2@/ ?
2
!@-#:#U6B!'*/[-:-'*"F'*ﬂ2UND ?#:-'*ﬀ/*ﬁaﬃk4#U	'*#!:/*#:B/2 ?
1.5
(* ?ﬂ2ﬀ#$- 
-ﬃﬂ ﬃﬃ;
<c0!JC*-	U ﬀﬂ,'2	!.+,'*A'*!:#.!A.ﬁ/['*\#&%  XND ﬃﬂ2ﬁ-	ﬂ\-ﬂU!	/()H#d% +,'2 ?!:ﬃﬂ$()
x-ﬂ*'*##:4ﬁH()ﬀ#: -ﬃﬂ2(*aﬂSﬁ:ﬂ*-	U D:+,'*ﬀ6'*ﬂMC*	U (c% p@'2#Hﬁ#. ﬃ6.+,'*ﬃ;
 , T ,  , ;>@4@~7 3BG3IK>7 @4FG58PQ7:9R3BAF =:1<36/21<;>36KX31 BL3IK>7 BG36/A@4; 1 
BL3IBA;N2KN36@
¨
#[ BﬁH!	U ?J+'2A(* ﬃﬂ2\(*Hﬂ*ﬃ	12!')eU ?!!.ﬁ#:\+,'*H#:\	ﬁC*)()\ﬂ,!IﬃJ ?#:@/*!-i
!-ﬂ, ?:-ﬂ,H()E5l6ﬂ26J ?1*:#!A"#d% JC*-#:#:B()ﬀ#. 	U ﬃ#:#;[ﬀ/*C*ﬂ*ﬃ	3-ﬂ2ﬀ6H( ck2-ﬂ
/2 ﬃ6k,"B#&% :	/*!ﬁ.6:ﬃﬂZ()H#. B!ﬃ#:')!:ﬃﬂ$()0#&% :ﬂ-IﬃJ ?#:H()K2!(*C*ﬃ#:	S; ='*N,-xﬁ
/*ﬃ12#3	k(*\ﬂ*ﬃ	1*-'*eE ﬃ')!'*Jcﬃﬂ,b!ﬁ'*9"'*ﬂB#:.! ?I@()\#. H6'*!57 ﬃ-ﬃk!'*/*/2!:	U ?ﬂ
%x
    
ﬃ&ﬁ
	6  ﬃ (
	   @ ! #6	(  @ J 
ﬁA#:ﬃﬂ*I'*-'*JA(c% ﬂ2()0()#&% ()B()#. U	U ?:#:#
+'2bﬂc% ﬂK ﬃ'2ﬁ'*ﬂ* ?#:!B/*C,m)!:+,'*;
<c/*:ﬂ2ﬁ:/[+,'*ﬂ*ﬃ'E Nﬃﬂ20')!:#::!ﬀ !!$!	/*#:-E12 66'2K#. Fﬁﬃﬂ2ﬂ2 ?.! ?ﬂﬁ
()^5lﬂ2vﬂ2A6/2#:ﬂ*/['*#:/[ﬂ,A()ﬀ#. !'*!57 ﬃ-ﬃk
ϕ
-
µ
;[ﬂ*ﬂ2 ?.! ﬃﬂ^#:A-Oﬁ5Yi
_ﬁ:-ﬂ,^()x/[ﬃ#:mOﬂ 
ﬃ	!'*^C ﬃ+,'*0ﬂ,!-ND ﬃ##:ﬃk,ﬃﬂZ/[-')^().!:1*'*#ND ﬃ#'*()
ﬁO(*ﬃﬂ*ﬂ*@()\/[ﬂ,k, ?:ﬂ26[+,'*
ϕ
-
µ
"B#: B	ﬃ!:0()0C2 ﬁ'*ﬂZ()0ﬁ@:ﬂ-ND ﬃ##:;
	0ﬂM1)!:-ﬂ,K ?#:ﬃJ'*ﬂ*
ﬂ*ﬃ'*Nﬃ##:B-/2 ﬃ6!:ﬃﬂM()
-HIﬃJ ?ﬂ2(*-'*J-k*-/2 ﬃ6a:ﬃﬂM"$/2 ?!!:
()0#: +,'*-#:#Hﬂ$/[-')- ?#.ﬁ'2#()0ﬂ*'*Nﬃ ﬃ'U#:\5lﬃﬂ2ﬁ!:ﬃﬂ2x6/2#:ﬂ*;O<9 ()')e)3	0ﬁJ ?/[
ﬁﬂ26.6!B"-/*#. ﬃ--#:AND ﬃ#'*J^'*ﬂ*!-ﬃﬂ2()E5l:H"#. 	ﬃ()JC2 ﬃ+,'*ﬀﬂ*'*Nﬃ-#9:ﬂ)i
!!N? ?#:#;	0ﬂf!/[3- ?:ﬂ2!@6'2/*/*	-ﬀ#:E:ﬂ26 ?12#:aB()ﬃﬂ,ﬀ#. F#ﬂ*Iﬃ'*'*ﬀ(4% ﬃﬂ2(*6
ﬁ	/ ?J ?1*#:K"#. 	U ?:#:#ﬀ()B ?#.ﬁ'*#&;
LH ﬃﬂ*	ﬃ:ﬂ2-kOﬁ-6HJC*ﬂ*.+'2K()K#.! ﬃIﬃA/[,60'*ﬂr--! ?:ﬂ$ﬂ*	1*0()K/*!1*#:3-	;
p@ﬂ ﬁ]yﬁk\!'*/*/[,6ﬂ2+,'c% "f'*ﬂRﬂJ ?ﬂ
t
()ﬂ*ﬂ*ﬃk>#. fND ?#:-'*	U De):	U ?#:S()' ()/*#: ﬁﬁi
	-ﬂ(*B/[ﬂ,()Z#&% :ﬂ-!57 ﬃﬁ$/2 ﬃB#. Tﬁﬃﬂ()aﬂﬁ:ﬂ*-	U D:+,'*Z!ﬃ-I, ?#:$"
ε
; 	0ﬂ
ﬂ*B-ﬃﬂ*ﬂ2 ﬃaA/2 ﬃk ﬀ . ﬁ"/ﬂﬁ4#B(*-/*#. ﬃ--	-ﬂ0()ﬀ#: U!'*657 ﬁEIﬃﬂ*-E/2 ?#:ﬀ#::! ﬃIﬃ;*PObﬁ
()-/2#: ﬁ-	ﬂ>\6'*/[!:-'*@"
ε
kﬃ ?#:ﬃJ="K#&% :ﬂ26 ?ﬂ,
t
kﬃﬁﬂc% @/*#:'2`#:C2-	U K(c%  ()Nﬃﬁi
!:ﬃﬂT+'29()-!-	:ﬂ*ﬀ#&% Nﬃﬃ#:')!:ﬂS()B#: U!'*!57 ﬃﬁk)	U ﬃ:#&%  ﬃ#Iﬃ!C*	ﬀ()ﬀ#:.! ?Iﬃk*ﬁ+'2
/*XNﬃ)+,'*E'*ﬂTﬁ	/[ﬃ!!-	ﬂAﬂ*ﬃﬂM/*C,m)!:+,'*B(*ﬀ#. U!'*657 ﬁﬀ#:1*ﬃ; =ﬃ'2Hﬁ-6B ﬃ:!ﬃﬂck
#96Aﬂ*-! ﬃE(4% -	/*#Dmﬃ'*ﬂS/2 ()E-	/2A!')z$! ﬃ		ﬂA/[-!A/['*A !!'*-^#: 
J ?1*:#:a()B#. 	ﬁC*)()k2	U ?.A!')z$ ?		-ﬂHI ﬃﬂ2(r/['*H+,'*B#:B#.! ﬃIﬃEﬂ2B/*!ﬂ*ﬂ*
/2 ﬃ#Bﬁﬃﬂ,!
ﬃ#:E()'S	ﬃ'*Nﬃ	ﬂ;
0U	-	$+,'*/['*ﬀ#:ﬀ/[ﬃ:ﬂB()U#. S6'2657 ﬁﬃk4#:U/ﬃ!ﬂ!:-#()ﬀNOa6
ϕ
!'*a
ﬁ-6!03-I#w,!y! BND ﬃ!. Dﬂ-ﬂ,!0()-'*eU/2 ﬃ()H!	/2x6'-ﬁ!!5l\x/*#:'2\57 ?:1*#K+,'*
ﬁ##:^/*DNﬃ)+,'*-x/2 ?>##.! ﬃIﬃﬃkD#: KND ﬃ#.()!(*'-ﬃ	/[ﬃ!!	ﬂ>'*#!!:-'*@(*^#. E6'*!57 ﬃ-
ﬂc% 6/2#'2I, ?J ?ﬂd;
<9!6H+,'*b!'*N-ﬂHﬃﬂ,Hﬁ!Bﬁ]yﬁ!'*H XNﬃE'*ﬂM/2 ﬃH()ﬀ!-	/2A_*e)ﬀ/[ﬃ'2A-NOa-
ﬁ^/*ﬃ1*#:3-	()'2A ﬃ'F#.! ?Iﬃ;
   
km=	k r il  ik j ik,lrksk  f um1t  sk
<99	-!C*)(*bﬂ,!-I ﬃ#:c/[!3()ﬂb'*ﬂ
ﬁ6J ?:ﬂBﬂ*ﬃ	1*()/2 ?J ?	3-!c!Iﬃ.! ?ﬂ,
#'*H/2!ﬁ.6:ﬃﬂck"$ NﬃA#:Bﬂ*	1*B(*B/[ﬂ,0().!:1*'*H!'*H#: Z6'*!57 ﬃ-ﬃk2#:Bﬂ*	1*
()/[ﬃ:ﬂJﬀ ﬃ(*()!:ﬃﬂ2ﬂ*-#.E!'*BC2 +,'*6Iﬃ	-ﬂ,E/['*E#. r!ﬃ#:')!:ﬃﬂf()E:ﬂ!IﬃJ ?#:k[#:
/2 ﬃE()!-	/2k4#: r/*ﬁ.!ﬂs()!6#'):ﬃﬂs(*#d% +,'2 ?!:ﬃﬂh(**(*C*ﬃ#:	S;yLHﬃ'2Kﬂ2ﬃ'2
/*ﬃ/[!ﬃﬂA(* ﬃﬂ20ﬁ-6
/2 ?!!:ﬃky()5l ﬃ:!'*ﬂ*
-!'2()6		U ﬃ()
#: rﬁﬃﬂONﬃ-Iﬃ-ﬂﬁ()
ﬂ*?!K	ﬁC*)()E-ﬂr5lﬃﬂ2ﬁ!:ﬃﬂF()ﬀﬁx/2 ﬃ ﬃ	3-!;,<9E- ^+'2Kﬂ*'2x')!:#::!ﬃﬂx/[63()
'*ﬂ*h6#')ﬂ ?ﬂ ?#:m:+,'* 6\#K-%  ﬃIﬃZ()T#&% ,!-#:#: ?!:ﬃﬂ(4% '*ﬂ*sIﬃﬃ')!!T-ﬂ  ﬃ/[ ?ﬂ-'*k
ﬂ2aﬀ/2 ?#:E	)()
2
(c% ,!-#:#. D!:ﬃﬂ-;
\!ﬂ*ﬃﬂ2ﬁ		F-ﬃﬂ2(*aﬂ:ﬂ*!. ?#:r'*ﬂ2rIﬃ')6F()rJ Xmﬃﬃﬂ
1
!'*#: h!'*657 ﬁF()
#: +,'*-#:#:KAﬂ2a: ﬃ#.!E'*ﬂS/[?!ﬂ#9()NOa6xI ?#c" x@w
ϕ(r, θ) = Ar2P2(cos θ)
 !);vuy ﬁ

θ
6\#. ﬀ-ﬃ#. Da'2()ﬃk
r = 1
k
P2(cos θ)
\#:A/[ﬃ#:mOﬂ 
	A(*H<cIﬃ-ﬂ()!A(4% ﬃJ()()')e
y
       
'/1	   @ M
 	 	  ﬃﬁ
	
-/[')H% -e)/*!:	-!ﬃ'x#. 
5lﬃ	w
P2(cos θ) =
1
2
(3 cos2 θ + 1)
 !*; u~t ﬁ
`ﬃ'*
A
!')z$! ﬃ		ﬂ/[ﬁ!k>ﬃﬂ()aﬃ12!-Nﬃ-
'*ﬂ*Fﬁ:##. Dﬂﬂ2ﬃﬂ D!!ﬂ,'* d()
57 ﬃakO#d% -ﬃ'*#:-	ﬂ^ﬁ ﬃﬂ^/[?-ﬂ:-#&kOﬃﬂZﬂ*E()aﬁﬃﬂJ D-x ﬃ'2ﬁ'*ﬂ*E().!!/ D!:ﬃﬂﬁ@ﬁ()
/*'2#: Dﬂ vu$!\w
ω2 =
8σ
ρr3
 !*; u$#(ﬁ
<c0!	/xﬁJ ?ﬂ, ﬃ():	-ﬂ2!ﬂ*ﬂ*0/2 ﬃ
√
ρr3/σ
kOﬃﬂF()ﬃ()ﬃﬂ20ﬃ16-Nﬃ-'*ﬂ2K/*'*#.! ?i
ﬂS()Uw
Ω = 2
√
2 = 2.8284271
H]y--ﬂJE6ﬀﬂ()ﬂ2-!U-][v!'2B!'*B#Uﬂ*	1*U()U/[ﬃ:ﬂJB()-!:ND ﬃﬂﬀ#. 
!'*!57 ﬃﬁky#:ﬂ*	1*()U/[ﬃ:ﬂJﬀ()$- ﬃ#:-'*#@6'2ﬀJC2 +'2!-I	ﬂk4#U/2 ﬃﬀ()!	/2ﬀﬁ
#&%  ?	/*#:a'2()
A
()ﬀ#d% :ﬂ*a: ﬃ#. D!:ﬃﬂS()
ϕ
;
 
`4]ﬁ^]]^!6ﬀ fg`h"ﬂ)nd$ﬀ\`$` ﬂ)&(']$j~#%ﬀﬃ&q8[8R f([m]'!"ﬀﬃo [ #%`
<cﬀ/*!	:-/ ?J ?	3ﬁ!Kﬂ,'2	!.+,'*E:ﬂ)82'*ﬂ 
- ﬃﬂA#. /*-:!ﬂF()ﬀ#. 	ﬁ!C2)()ﬀ6k
1*:-ﬂ*ij *kb#:rﬂ2ﬃ	1*r(*r/[ﬃ:ﬂJ()ﬁN? ?ﬂ#. s!'*!57 ﬃ-ﬃ; H6ﬃﬂﬁ!Fﬁ]yﬁ!'*
/['*H()ﬁ-	ﬂ*A#:ﬀﬂ*	1*B()B/:ﬂH"/2 ﬃ6H()'2+,'*#9#: $6:	'*#. DﬂF/['*ND ﬃa -!
!'*/*/[,6F! ?#::6!;`<b s_2I'* !);vuT-/*!-ﬂ,!F#. h	U ﬃ6S()M#: fIﬃﬃ'*6!M ?' ﬁﬃ'*J()'
-	/2;bﬁ6U+,'2 ?ﬂ,!!U rﬁ!!	:!"r#&% JC*-#:#U()!-#:#:!ﬃ!!+'9% ##:!ﬃE-I, ?#:"
'*ﬂM"#&% :ﬂ26 ﬃﬂAﬂ2a: ﬃ#d;
0 2 4 6 8 10
0.9
0.92
0.94
0.96
0.98
1
1.02
20
40
80
160
ﬁﬀ
!);vu);:w   ﬀﬂ '$ 	ﬀ - /   $% !&/2% 
 ﬁ"/2% 'ﬂ  $# .  . /ﬂ
20

40

80

160
.ﬃ/ﬂﬁ %  $4
 !
    
ﬃ&ﬁ
	6  ﬃ (
	   @ ! #6	(  @ J 
<9r/2 r(*s!	/2F')!:#.!F!ﬃﬂ,F!6/[v!:Nﬃ-	ﬂk^(* ?ﬂZ#&% ﬃJ()!hﬁﬃ.! ﬃﬂr(*'
ﬂ*ﬃ	12!r()r/[ﬃ:ﬂJZw
0.001
k
0.0005
k
0.00025
ﬁ
0.00025
;=p@ﬂg-][ﬁk='*ﬂgﬂ*	1*!r()
/[ﬃ:ﬂJZ/*#:'2ZIﬃJ ?ﬂ(Rﬂ*ﬁ!aT'*ﬂt/2 ﬃr()T!	/2Z/*#:'2Z57 ?:1*#s/['*r+,'*s#:hC*	U 
(4%  ﬃ()Nﬃv!:ﬃﬂ6!xJ ?1*#:ﬃ;
5
/[ﬃ:ﬂJ= (*()a:ﬃﬂ*ﬂ*#:`6'*`JC2 ﬃ+,'*x!-I	ﬂ=ﬂ`ﬁ')#:.6
/[ﬃ'*`#:^- ?#.ﬁ'2#O(*=:ﬂ!IﬃJ ?#:bﬁ>'*ﬂ*^ ﬃ	/*#!'()^(*
0.1
/[ﬃ'*`#x/[ﬃ!ﬂ!:-#*()=N,!!!
 ﬁﬀJC*:!;
	0ﬂM/[')K-ﬃﬂ2!:(*--H+,'*
80
/[ﬂ,06'*zU!-ﬂ,0/[ﬃ'*0-ﬀmO/[(*B/*ﬃ12#3	-k(* ﬃﬂ2
#: r	!'*
'h#: r	U ﬃ!
/[-J()'* ﬃ/*!3K+,'2 D!/[-!:)()K(4% ﬁ:#:#: ?!:ﬃﬂ20ﬂc% 6ﬀ+,'*U()
0.2%
;X<cc5l+,'*ﬂ2ﬁ=(4% ﬁ:##. Dﬂ2c1)!-ﬂO'*=!ﬃﬂ=-/[ﬃ!!9!'*b#:@J ?1*#: ﬃ'6'2N? ?ﬂ;
L
ω
u$% u*;vty0u$!yx
 % u*; # ^u #y
# % u*; # ﬁ%~u
^$% u*; # '~tﬂ#
<9cND ?#:-'*J4(*>#. ^/*'2#: Dﬂﬀ6	1*#:-ﬂ=ﬁﬃﬂONﬃ-Iﬃ-4Nﬃ-J
2
√
2
k-	U ?.4:#ﬃ6!@"^-!'2(*
#d% :ﬂ)82'*ﬂ2ﬁ$()'qﬂ*	1*!U()U/[ﬃ:ﬂJﬀ(*U ?#.ﬁ'*#@/'*ﬀ#:E:ﬂ-I ﬃ#Kﬁ()U#d%  ?	/*#:!'2()
A
;
 
`~]''] ]'!"ﬀ f(`h$ﬂ)nd"ﬀﬃ`$` ?ﬂ)&(']"`a#%[8fg#%!$f $[8ﬀ ]^`4Z)C`4R "`a]'!"ﬀﬃop[8#%`
GHﬂ*r-!'2(*F!'*#d% ﬂ*82'*-ﬂ2-F(*'gﬂ*ﬃ	12!F()r/[ﬃ:ﬂJ()r	U ?:#:#: ﬃIﬃZﬂ*F!')z/2 
"
!ﬂ2()ﬀ-ﬃ	/)B()B#. Uﬁﬂ,Nﬃ!I-ﬂ2-E(4% '*ﬂ*B	-!C*)()B:ﬂ-IﬃJ ?#:ﬃ;*p@ﬂTﬁ][-k[ﬁ		B#b 
ﬁU!	 ﬃ+,'*/2!ﬁ(*-		ﬂkc#:ﬀﬂ*Dm ?')eh()ﬀﬂ,!-I ﬃ#:KN? ?ﬂE5lﬃ!!	-ﬂBﬂ!
()-'*eS/[ﬂ,K()#. Z!'*657 ﬁB-K/2 ?!!.ﬁ'*#::3--	-ﬂK"$/*XeO:	a(*H/ 
#-;
¨
#=6K(*ﬃﬂ2
ﬂ*-! ﬃH(c%  ')!^()x/[ﬃ:ﬂ^!'*^C2 +,'*K6Iﬃ	-ﬂ,x/[ﬃ'*x#:K ?#.ﬁ'*#y(*:ﬂ-I ﬃ#-;
<cHﬂ2ﬃ	1*H(*0ﬁ\/[ﬃ:ﬂJ\/2 ﬃ!-I	ﬂxﬁﬂ2()!:ﬃﬂ*ﬂ20 ?:ﬂ26#. B/*ﬁ.!ﬂ$ Nﬃ#. ﬃ+,'*-#:#:
#^:ﬂ-I ﬃ#^6ﬂA ?#.ﬁ'*#:-^-k*-ﬂMﬁﬂ26+,'*-ﬂ2-ﬃk)#: /2!ﬁ.6:ﬃﬂF()ﬀ#. 	-!C**()ﬃ;
`ﬃ'*K'2ﬂs/2 K()!	/2E()
0.00025
-
81
/[ﬃ:ﬂJ-k4()E- ?#.ﬁ'*#.0ﬃﬂ,Kﬁ
-][ﬁ!'*
/[ﬃ'*Z'*ﬂﬂ*	1*T()T/[ﬂ,$/2 ﬃZ!-Iﬃ	ﬂZND ?. ?ﬂZ()
0
"
6
;x<@%  ?	/*#:a'2()
A
6
!' ﬃ'*J^-I, ?#:E"
0.1
;
<b E5l+,'*-ﬂﬁ0()\,!-#:#. Dﬂ2@JC2 ﬃﬂ*IﬃH()0	 ﬃﬂ*:3-Aﬂ*?J ?1*#:H-ﬂU5lﬃﬂv!:ﬃﬂZ()'Zﬂ*ﬃ	i
1*T(*sﬁ$/[ﬃ:ﬂJ-;x<cMJ ?1*#: ﬃ' !*;	M-/*!-ﬂ,!M#:ZND ?#:-'*J$()s#: /*'*#.! ?!:ﬃﬂ/[ﬃ'*
C ﬃﬁ'2ﬂS()ﬀ-A- ?#.ﬁ'*#.;
L %  u x  ! 
ω
u);tﬂ# % \t u); #$%  #~t u); #  ^u0t u); # '%~u u); # ﬃt !0t u); # ﬃt !0t u); # ﬃt !0t
  ﬀ
!*;	;w)  ﬀ  ﬁ"/% $% !&/2% 
 ﬁ"/2% '  % /2# 0  '$ . / ﬁ %   '$ 
ﬀﬂ	
*. ﬀﬂ  - # &% 4
n/2 ﬃ6\()
4
/[ﬃ:ﬂJ-k?#. E/*'*#.! ?!:ﬃﬂﬂ*AJC2 ﬃﬂ*Iﬃ^/2#'2kﬃ	 ﬃ:>6!ﬂ*5l-'*!A"
2
√
2
;

%  ?')!A6KﬃﬂE	ﬂ!+,'*
#:
/2 ﬃK()
!-	/2 Sﬁﬀ()ﬃﬂ2#:
#::! ﬃIﬃk2/2'*:+,'*
ﬁ#'*iﬁ=Kﬁ]yﬁ!'*"ZC2 +,'*/2 ﬃK()B-	/2 S XND ﬃa0'*ﬂ*
:ﬂ)82'*ﬂ2ﬁ!'*0#:0ﬁ:##. Di
!:ﬃﬂ2;ﬀ='*B'*ﬂq/2 ﬃB()!-	/2Bﬂ*5l-'*ﬀ'f-I, ?#@"
0.0005
k
81
/[ﬃ:ﬂJ-k
5
/[ﬂ,B()
- ﬃ#:-'*#4/2 ﬃ!-I	-ﬂk)#. /*'*#.! ?!:ﬃﬂF6A-I ﬃ#ﬀ"
2.81757
;
%
       
'/1	   @ M
 	 	  ﬃﬁ
	
 
`4]ﬁ^]]^!6ﬀ f>b[8ef(&q'!$"`"`4]ﬂ)]'#0&(fgf([<^&(ﬂ)"]
GAﬂg()-ﬂ*:-B!- ﬃ/* ?# T-ﬃﬂ2!.$"S57 ?:UN? ?ﬀ#&%  ﬃ	/*#!'()Z	/[,6$!'*#. 
-ﬃﬂ2()!:ﬃﬂBﬂ2a: ﬃ#()'B/[ﬃ!-ﬂ,!:-#O()9NO!!-;<9 ^_2I'*!!*; x-/*!-ﬂ,!@#9ﬁ:##. Dﬂ2
()'Z/[ﬂ,^!'*/[-'*x()0#. BIﬃ')60!A!'*ND ﬃﬂx6'2#&%  ?e)0()K6mO	ﬁ!:ﬃk,-ﬂ$5lﬃﬂv!:ﬃﬂr()
A
;*<cK/2 ^()K!-	/2^-I ﬃ#y"
0.00025
k)#:K#:.! ?I0% /[3-K"C2 +,'*K/2 ﬃ^()K!	/-k
5
/[ﬃ:ﬂJ()F ?#.ﬁ'*#. ﬃ(*()!:ﬃﬂ2ﬂ*-#.6'2JC2 ﬃ+,'*F!-Iﬃ	ﬂ6ﬂ')#:.6
ﬁ
81
/[ﬂ,
()ﬁNﬃﬂ#. !'*657 ﬁ;
0 2 4 6 8 10 12
0.6
0.8
1
1.2
1.4
A = 0.01
A = 0.05
A = 0.1
A = 0.2
A = 0.3
A = 0.4
A = 0.5

 
 ﬀ
!); x*;:wO%
ﬁ  	ﬀ  ﬁ"/%  '$ 	ﬀ - /ﬂ   $% !&/% 
 ﬁ"/% '$
A
<9 F5l!+,'*-ﬂ2-$()Bﬁ:##. Dﬂ2ﬀ ?'*I	ﬂ#:ﬃJ+,'*
A
():	ﬂO'* 6b-ﬁ!!U5l!+,'*-ﬂ2-
()a>ﬁﬂ,Nﬃ!I-9NﬃbNﬃ-J
2
√
2
kDﬁ		x#x/*-Nﬃﬃ=#d% ﬁ'2()^ ﬃ')eﬀ/[ﬁa=/[6'*12 Dﬂ2-;
p@ﬂ
ﬁ]yﬁkXﬃﬂ
ﬁﬃﬂ26 ?!+,'c% '*ﬂ*x1ﬂ*ﬂ*x ?/2/*!Xe)	U ?!:ﬃﬂ 7"
10−2
/*3@ﬁ4=1)!ﬂ,'*/['*
A = 0.05
'
A = 0.01
;[LA ?ﬂ*	ﬃ:ﬂ2k*#. 	ﬃﬂ2?!ﬂ*:ﬀ(*ﬀ#. U-ﬃ'*1[ﬀﬂc% 0Nﬃ-a_2B+,'*
'2+,'c% "
A = 0.05
j\5;2=:I2;!);  ﬁ ;
ﬁ&(]^#%!$]^]'&gﬂ-
@#:'26:-'2Eﬁﬂ2ﬁ#:'2!ﬂ20/[-'*N-ﬂ ﬁ!
!:-E()-ﬁ6-!'2()U()-ﬃﬂ,N-Iﬃ-ﬂ2-ﬃ;[<b 
/*'2#: DﬂTﬃ1)-ﬂ,'2
/'*
A = 0.05
 ?/*/2!)JC*#: r6#')ﬂs"
10−2
/*3k	U ﬃ:0#: ZND Di
#:-'*ﬃ1)-ﬂ,'*r/[ﬃ'*
A = 0.01
	ﬂ1[ﬃﬂ*ﬂ*;>Z/*ﬃ1*#:3-	r()ﬃ--! ?:ﬂ*	ﬂ
-!Z D6!:1*'*r ?'#.! ﬃIﬃﬃk9(*ﬃﬂ
#d% :ﬂ)82'*ﬂ2ﬁZ6
(*az$ﬁ:#:Z"T+,'2 ﬃﬂa_2;\#'2#&%  ?	/*#:ai
'2()
()A,!-#:#. D!:ﬃﬂ^A57 ﬃ1*#:ﬃk/*#:'2AﬂM-ﬃ'*!A#:B!.+,'*B()()ﬂ*ﬂ*-0 ?'M#:: ?Iﬃﬀ'*ﬂ*
I ﬃﬂ2()H	/[6J ?ﬂ2-H!#: ?!:Nﬃ-	-ﬂ,x ﬃ'r!JC*-	U 
(4%  ﬃ()Nﬃv!:ﬃﬂ9;,<\% .()K6#ﬂ$#. ﬃ+,'*##:Hﬂ
/['*!J ?
	/*#Dmﬃ-UﬁF#.! ﬃIﬃZ	ﬂ2!ﬃ'*Nﬃﬂk`ﬃ% !ij"?ij():Z/2 ?ﬁe)-	/*#:ﬃk=ﬃ'2#:
~t
    
ﬃ&ﬁ
	6  ﬃ (
	   @ ! #6	(  @ J 
0 0.1 0.2 0.3 0.4 0.5
2.6
2.7
2.8
2.9
3
2
√
2
n
ω
 ﬀ
!); 2;:w)  ﬀﬂ ﬁ"/2% '$  ﬀ - /ﬂ   $% !&/2% 
 ﬁ"/2% '$
A
()er/ ﬃA()E-	/2k2ﬂ*B!-	12#ﬀ/ ﬃA ?/*/2!/*!:-E/*'*.!+,'c% -ﬂF57 ﬃ: ?ﬂ,Hﬁ-#. *k*ﬂSﬂ,!)()'*
()$C**-(2 ?ﬂ2#. h!ﬃ#:')ﬂ()+,'2 ?!:ﬃﬂ2;><\% 1 v!5KZ()Mﬁﬂ2!-Nﬃ-'*ﬂ  ﬃ#i
Iﬃ!!C*	
#/*#'K-ﬃﬂﬂO's/[,!!12#k[(2 ?ﬂ20#:+,'*#`()aﬀ-% ﬂ!-!:!#:
#:: ?Iﬃ;
¨
#`!-J ?
()ﬃﬂ^/*ﬃ12 ﬃ1*#:-	-ﬂ,@ﬂ,!!! ?ﬂ,\(4% ! Xmﬃ-@()A/[ﬂ2()--@#A#:.! ?I^/2 ?@'*ﬂZﬁOﬁz$-ﬂ
()-/[ﬂ2(* ?ﬂ,K(*'s()-/2#: ﬁ-	ﬂ0	Dmﬃ-ﬂT(*H/[ﬃ:ﬂJ0()'T	U ﬃ#:#. ?Iﬃ;GAﬂ* ?')!:()ﬃk[/*#'
6:	/*#:ﬃk\-ﬃﬂ2!:6- ﬃU"f')#:.6Uﬂ*ﬂR/*#:'2U#:T!JC*	 (4% p\'*#$	U ?.U'*ﬂ!JC*	 ()
w'*ﬂ*Iﬁi

')6J U(4% ﬃJ()!B+,'2 D!;2<@% -!'*/*)()'*!B/2 ?H'*ﬂTC*	 $()Xw'*ﬂ*Iﬁi

')6J 
(4% ﬃJ()!
4
0()ﬀ#&% ﬃJ()!ﬀ()
δt5
k* ?ﬂ():H+,'*Bﬁ##:ﬀ/2!)(*'*aﬀ/2 ?A'*ﬂT!JC*	 U(4% p@'*#:-
6A(4% ﬃJ()
δt2
; 	0ﬂS()ﬃA()ﬂ2K/[ﬃ'*Nﬃ^'):#.6k* XNﬃK'*ﬂSJC*-	U ()w'*ﬂ2Iﬃﬁi

')! *k
'*ﬂ/2 >()x!	/2`/*#:'2>IﬃJ ?ﬂ2(
! ﬃﬂ2` ﬃ#a--`#: K/*-:!ﬂ->#. K6 ﬃ1*:#!(*^#: K	ﬁC*)()ﬃ;
p@ﬂ!C*ﬃkD!
δtE
>#:^/2 ﬃ>()x!	/2`')#:.6^/['*`#:!JC*	 E(4% p\'*#k?ﬃﬂ()ﬃ>/[ﬃ')i
Nﬃﬃ:KC*:!:0'*ﬂs/2 ﬃK()-	/2K()
δt
2/5
E
/['*01)!ﬂ*K'*ﬂ*
!-'*Kﬁ	/ ?J ?1*#: Nﬃ
#EJC*-	U 
() w'2ﬂ*Iﬃﬁi

')! *;Op@ﬂr')!ﬃkO#d% ')#:: D:ﬃﬂr(4% '*ﬂF/2 ﬃx(*0!-	/2^/*#:'2xIﬃJ ?ﬂ2(
/[-	ﬁU()S()ﬃﬂ*ﬂ2- ﬃ'g#.! ﬃIﬃZ'*ﬂ*F:	/[ﬃ! ﬃﬂ2ﬁr	ﬃ:ﬂ2()!F/2 ?J ?/*/[6 ﬃ'C*	U 
(4%  ﬃ()Nﬃv!:ﬃﬂ9;	0ﬂF-ﬃﬂ26 ?!kOﬂFﬁ]yﬁk2+,'*ﬀ-ﬁ6E!JC*ﬂ*.+,'*B()ﬃﬂ*ﬂ2E'*ﬂF	#:#:-'*!'*#i
 ?=/[ﬃ'*
A = 0.01
kﬂB/2!ﬂ2 ?ﬂ='*ﬂ/2 b()\-	/2`()
0.0025
; 	0ﬂBﬃ1*!:-ﬂ
ω = 2.8239
k
ND ﬃ#'*-I ﬃ#ﬀ"--#:#ﬀﬃ1*!-ﬂO'*B XNﬃK#:ﬀJC*-	U (4% p@'*#:-H/[ﬃ'*
A = 0.05
;<9 /*-:!:ﬃﬂ
ﬃ1)-ﬂO'* 
10−2
ﬁx6A" ?6!:1*'*-A ?'F	Dmﬃ-ﬂS()ﬀ- ﬃ#:-'*#c()E#. 
/*'2#: Dﬂc;*LAK57 ﬃ: ?ﬂ,^#:
- ﬃ#:-'*#>+,'*6'2E()esﬁ:##. Dﬂ2K()#. ZIﬃ')!!kyﬃﬂhﬂ*/[-'*E/ ﬃKﬃ1)-ﬂ*:E'*ﬂh!'*# D
 N0'*ﬂ*ﬀ/*#:'2^I ﬃﬂ2()K/*!ﬁ.6:ﬃﬂc;*<9 !ﬃ#:')ﬂF!-J ?^(*K57 ?:!E'*ﬂS(*-Nﬃ-#:ﬃ/*/[	-ﬂA-ﬂ
6!:()
*'*!:-0()'s6:Iﬃﬂ2 ﬃ#b6'*0'*ﬂ*
ﬁﬂ ﬃﬂ2()/[-*())6!-'*#:B#. U/*ﬁ.!ﬂM()#: 
	ﬁ!C2)()x:ﬂ!!NO:-ﬂ2()J ?` ﬃ#b(* ﬃﬂ2=#^- ﬃ#:-'*#O(*x#: 0/*'*#.! ?!:ﬃﬂc;ﬃ-,ﬂ9% `ﬂ/2 ?!.+'2
/2 ﬃ! ﬃ#:: ?1*#:ﬃk)" ?'2!E()ﬀ#&%  --'*	'*#. D!:ﬃﬂS()--'*Jx(c%  ﬃ!ﬃﬂ2(*:;
$#
     
  
 
	 	   
J !/ﬂ   /ﬂ $&	
(ﬁ  M	ﬂ
 
ﬁ 
    
u  fir0m 2hlsk ihWmcm1k 1hWj hlsk 1hWj  firk
t  j  st 
|
k
<9 g	-!C*)(*fﬂ,!IﬃJ ?#:h()ﬁah/2!ﬁ(*-		ﬂM/')T-%  ?/*/2#.+,'*-S"'*ﬂ I ﬃﬂ2(
ﬂ*	1*F(*F/*ﬃ12#3	-k`/[ﬃ'2!NO'+,'*S#: f!'*!57 ﬃﬁSﬁﬂ26.()!F6a5l-	-Sﬁ$+,'*F#. 
/*COm)6.+,'*f/*'*.!! -!f(*ﬁ!f/2 ?F'2ﬂ*h5lﬃ	'*#. Dﬂt/[?!ﬂ##:ﬃ;00% S#:q- F()
#&% 	/2 vF(c% '*ﬂ2sIﬃ')!! 7(c%  ?'ckx/2 ?rﬁe)	/*#:8ﬁZ!'*r'*ﬂ*f6'*!57 ﬃ-TC,m)()ﬃ/*C2ﬃ1[ﬃ;x<c
!'*!57 ﬃﬁEC,m)()ﬃ/*C*1[ﬀ6ﬂB'*ﬂ!' ﬁ
()UJC*-JC2:ﬂ2()'26!:-#:#kcﬂ*?J ?		-ﬂ,(* ?ﬂ
#:B()	 ﬃﬂ2ﬀ()B#d%  ?'*!ﬃ	1*#:ﬃ;2<9 Uﬁﬂ2ﬁ/)!:ﬃﬂM()ﬀ/2 ﬃ!-i&1*.6COm)()!/*C*1[^/*!-ﬂ
/2 ﬃ-eO	/*#Z'2ﬂIﬃJ ?ﬂ(f:ﬂ-ﬁ; @#:'2
Iﬃﬂ*-J ?#:-	-ﬂ,kb()rﬂ*ﬃ	12!'26 ?/*/2#.- ?!:ﬃﬂ2
!ﬃﬂ,ﬀﬂ,NO.! ﬃIﬃ ﬃ1*#:K/[ﬃ'*B#B6'*!57 ﬃ-Eﬃ'f!-eO!:#ﬀC,m)()ﬃ/*C*1[k4ﬂ*$-%  ?#-J ?ﬂﬀ/2 
 ﬃ'Sﬁﬃﬂ, vA()#::+,'*.()-;
Hﬁe)/[-ﬂ2ﬁ@ﬂxﬁH-][v!'2-/ ? Hﬂ*. w.C2 ﬃ(Uﬁ K XN,.( 0'2-!0!'*x()5Yi
5l!ﬂ!=6'2657 ﬃ-k()ﬃﬂ,`ﬁ6J ?:ﬂ*c ﬃa-b!/[-: ﬃ#	-ﬂ=/[ﬃ'2= XNﬃﬃ:9'*ﬂC2 ﬃ')=/[ﬃ'2Nﬃﬃ:
COmO(*!/*C*ﬃ12:+,'*  2k%~u8j; H-#.>	U ?!-. ?')e6ﬂ>57 ﬃ1*!.+,'*-`ﬂU-! ?ﬂ\()A/[ﬁa@')i
I!a d()A#&% ﬃJ()!A()'$	:-!ﬂﬁ>6'*\#:-'26'*!57 ﬃ-ﬃ;	0ﬂ(*'*ax ?:ﬂ2!2#d%  ?ﬂ*I#H()H-ﬃﬂ, ﬃﬁ
ﬂ!E#. Iﬃ')6EﬁA#:ﬀ!ﬃ#::(* j\5;!*; !(ﬁv;
θ
ﬁﬀ
!); !);:w ﬃ 
   $# ﬀ ')( *%  - /ﬂ   . / $  *%  !ﬀ 
   ' 0/. ﬃ/ﬂ0 4 ,( ﬀ2% - 	 '$

 /2% ﬀ 

θ
). 0/ 
    '$ ' 0/ 
θ < 10◦
4
<cF!	'2#: ?!:ﬃﬂ2rﬁ]yv'*-F!'*Sﬁh/*ﬃ1*#:3-	h XNﬃT#. g	-!C**()h:ﬂ!IﬃJ ?#:Tﬂ
ﬂ*ﬁ!!aH'*ﬂ*0()-_2ﬂ*!:ﬃﬂck,ﬂU!-	\ﬂ,'2	!.+,'*k,()H#. B!'*!57 ﬃ-AC,m)()ﬃ/*C*1[ﬃ;	0ﬂ$ﬂ*
/[')B/2 -k9 Nﬃ-ﬀ	-!C*)(*k4:	/[!-ﬀ'*ﬂ*UND ﬃ#'*ﬀﬂ,'*#:#Z"F#: SN,!!!U!'*ﬀ#. -ﬂ*
(4% :	/ ﬃv;
<9 ﬀ	U ﬃﬂ*3!H#: B/*#:'2\/*COm)6.+,'*0()H/*-ﬂ2()AﬂZﬁ	/*!H#. B!'*!57 ﬃﬁACOm)()!/*C*1A
()E#. 
	U D-: ﬃ#.!-x/2 ?^'2ﬂ*K5lﬃJﬁE+,'*4#:'*46/[-/[-ﬂ2().ﬁ'2#: ﬃ0-ﬁe)/[ﬃﬂ2-ﬂ##:-	ﬂ
()ﬁﬃ.! ?ﬂ,!K#+,'c% ﬃﬂr% -ﬂF#Iﬂ* j\5;!*;  ﬁHw
f(z) = 10000 e−1000 zez
 !*; u%(ﬁ
='*Z#h- ?#.ﬁ'*#&k\ﬃﬂ   ')!T#:T/[?-ﬂ,!:-#
ϕf
(*sﬁ-6M5lﬃJﬁs"q#&% +,'2 Dﬂ()
x-ﬂ*'*##:>w
f(z) = ∇ϕf ⇒ ϕf = −10 e−1000 z
%
    
ﬃ&ﬁ
	6  ﬃ (
	   @ ! #6	(  @ J 
<9H!-	K6'*-
ϕf
6^()ﬂ2H-I ﬃ#[" −10 !'*x#: 
!'*657 ﬁHCOmO(*!/*C*ﬃ1[Hﬁ()-!?W:
!3`J ?/2:()	-ﬂ@Nﬃ-J -K#:ﬃJ!+,'c% ﬃﬂ% ﬂ-#:ﬃ:Iﬃﬂ*; ` ?@ﬁe)-	/*#:ﬃk?/[ﬃ'2
z = 0.01

1%
()'sJ mﬃﬂT()
#. ZIﬃﬃ'*6!!=ﬃﬂh ZJC*ﬃ.!=-
(*-ﬂ*0-I, ?#="
1
ﬁvky#
/[ﬃ!ﬂ!:-#`6K-I, ?#="
ϕf = −10 e−10 = −4.54 e−4
;4<\% :ﬂ)82'2-ﬂ2-()ﬁﬁ!!
5l-
!'*K#:	'*Nﬃ-	ﬂﬀ()#: 
Iﬃ')6E6A()ﬃﬂ0#::	aﬀ"'*ﬂ2E-Iﬃ:ﬃﬂZ!3^/*)JC*E()ﬀ#: !'*!5l ﬁKCOm)()!/*C*1[ﬃ;2-6!
5lﬃ	'*#. D!:ﬃﬂT/*!-ﬂﬂ* ﬃﬂ*	ﬃ:ﬂ2H'*ﬂsﬂﬁﬃﬂONﬃ-ﬂ*:-ﬂ,
w[#&% -][-KNﬃ-ﬂ,!'26
()
#. Z6'*!57 ﬃ-
()B#: Iﬃ')6ﬀ-ﬂM-ﬃﬂJ ﬃﬁH NﬃK#:ﬀ/*#. ?ﬂSﬂ*B/[-')H/2  ﬁ!ﬀ/*:ﬂMﬁ	/)!;2<b JC2 XWYﬂ*
()0	U ?J+,'*-'*J@ﬂrﬁﬃﬂ, vx XNﬃA#:0/*#. ?ﬂZ/[-')^-ﬂZﬁ]yﬁ!0()ﬁ##:-x()K--#:'*aiﬁ[-^?% 6
ﬁ]yﬁ!:Nﬃ-	-ﬂ,A-E+,'*E#&% ﬂrﬃ16!Nﬃ;*-/[ﬂ2(* ?ﬂ,k)#&%  ?	/*#:a'2()ﬀ(*ﬀﬁﬀ()ﬁ#:#	ﬂ6
ﬂ*-I#:Iﬃ ?1*#:K/2 ﬃ^J ?/*/[6 ﬃ')er()-5lﬃ	U D!:ﬃﬂ^()ﬀ#: Iﬃ')!!E#:ﬃJ^()ﬀ#&% :	/2 ﬃﬁ;
LH?ﬃﬂ2+,'c%  NﬃU-ﬁ6$!JC*ﬂ*.+,'*ﬃkbﬂ-NO!$#:Z/*!1*#3	$(*az$ﬁ:#:Z(*$#&%  ﬃﬂ*Iﬃ#:Z()
ﬁﬂ vA()x!:^:ﬂ!657 ﬁ 7#.+,'*.() OI kOI  )6ﬃ#::(*ﬃk)6#.() O#.+,'*.()8ﬁ ;2-H ?ﬂ*I#
θ
6A-I, ?#c"--U(* ?ﬂ2ﬂ*,!	'*#. ?!:ﬃﬂ2;)p\ﬂSﬃ'*!ﬃk*ﬃﬂS ﬃ')!!.!K#:/2 ?!!.ﬁ'2#x82'*.()
()ﬀ#: ﬃﬂ*ﬀ()BﬁﬂJ ﬃvA" XNﬃﬃ:^'*ﬂ*ﬀNO!!0J ?ﬂ*I-ﬂ:-#:#ﬀ"--#:#-ij-d;
 ﬀ
!*; 2;w ﬃ 
   $# ﬀ '$ 1(  # . ﬀ 
 ' ( *%  - /ﬂ    *%  !ﬀ 
    ' 0/. ﬃ/(0 4 ﬀ "
!ﬀ$
    . 0&%  . ﬀ *%  !&/ﬂ 
+ﬂ ﬁ 
ﬀﬂ	 'ﬂﬁ ﬁ -  +  	   ﬀ   ' 
0/ ﬁﬃﬀ% 
&.ﬃ/2% $%  ﬁ  	$# $%  ﬀ2+ﬂ

z
4
 hﬂ-nd$ﬀﬃ`]'[8$]$&(`~$]'&(ﬂ-
`ﬃ'* ﬃ#.!-\-!	'*#. ?!:ﬃﬂ2kﬂ*ﬃ'2 XNﬃﬃﬂ2\(*ﬁ.()0(*Hﬂ*0/2 ﬃ@!ﬂ*^ﬁ	/*!0()0#: 
IﬃJ NO!;)<9 ﬁﬂ2()!:ﬃﬂS()mOﬂ2 ﬃ	:+,'*E!ﬃ#:'*K6H()ﬃﬂ2E#: !'*:ND ?ﬂ,!w
dϕ
dt
=
1
2
u2 + κ
 !); x$% ﬁ
 % %
     
  
 
	 	   
J !/ﬂ   /ﬂ $&	
(ﬁ  M	ﬂ
 
ﬁ 
nH'2ﬁ'*ﬂrﬂ2ﬃ	1*0 ?ﬂ():	-ﬂ2!:ﬃﬂZﬂc% ﬂ,!!NO:-ﬂ(* ﬃﬂ2xﬁ-60+,'2 Dﬂc;O<c0/*ﬃ1*#:3-	0-ﬂ
-ﬃﬂﬂU/['*! ?ﬂ,'*ﬂck\ﬁﬃﬂ!'*U"f/2 ?!!:U()S#: fN,!!!S(4% :	/ ﬃvk>#:Sﬂ*ﬃ	1*S()
 
-1[ﬀw
We = ρRV 2/σ

ρ
A#. 	 !!ENﬃﬃ#:'*	:+,'*ﬀ()'S#::+,'*.()ﬃk
R
#:EJ mﬃﬂr(*E#. Iﬃ')6ﬃk
σ
#. ﬁO-z$ﬁ:-ﬂ
()H-ﬂ2!ﬂZ()K!'*657 ﬁH#.+,'*.() ,I, Aﬁ
V
#. BNOa60(4% :	/ ﬃv;O<c0 Xmﬃﬃﬂ$()0#. BIﬃ')6
')#:.6H/[ﬃ'*\#H ?#.ﬁ'*#2(*
1
k
σ/ρ
-I ﬃ#2"
1
k,()ﬃﬂ2#:Aﬂ*	1*!H()
 
-1[\6\-I, ?#
"
V 2n
k*
Vn
6#. NO!!E(c% :	/2 ﬃﬁﬂO'*	-:+,'*;
POxﬃﬂ:ﬂ*!. ?#::!Z#:- ?#.ﬁ'2#:
 XNﬃ$'*ﬂ*rNOa6r(4% :	/ ﬃv
Vn
kbﬂ/[-')ﬁ!'*Nﬃ-
#. 
NO!!K(c% :	/2 ﬃﬁ^/2C,m)6.+,'*E-ﬃ!6/[ﬃﬂ2(2 ?ﬂ^"
'*ﬂ*E	U ﬃ!0Nﬃ#'*	kO'*ﬂ*K-ﬂ2!ﬂF()
!'*!57 ﬃﬁEﬁA'*ﬂSJ mﬃﬂZ--#.k)/2 ?ﬀw
V = Vn
√
σ
ρR
='*rﬂ*!. ?#:.6Z#. NO!!s(4% 	/2 vkﬂ ()1*')!h#:h- ?#.ﬁ'2#0 XNﬃM'*ﬂt/[?-ﬂ#
()NOa6
'*ﬂ*5lﬃ	F!'*#: f6'*!57 ﬃ-F()F#. sIﬃ')6r--I, ?#^"
ϕi = −α z
k@ﬁS+,'*
-ﬃ!6/[ﬃﬂ2(r"'*ﬂ*ﬀNOa6ﬀ()Uw
Vn = −α ez

&(m!$f([<'&gﬂ- !$ j~ﬀ\&g_!$`
GAﬂ*H!:	'*#: ?!:ﬃﬂU E-!Aﬁ]yv'*-H-ﬂU')!:#. ?ﬂ\#:@	-	@/2 ﬃ ﬃ	3-!>+,'*A--')e()
#&% ﬁe)/[-ﬂ2ﬁH()ﬁ!A/2 ﬃ 0-ﬂ*.2w:JC2 ﬃ(4k"B Nﬃ>#. ﬀ	U ﬃ6Nﬃ#:'*	.+,'*Aﬁ#: E-ﬂ2!ﬂ
()r!'*657 ﬁ$()Z#&%  ?'ck9'2ﬂ*$NO!!!$(c% :	/2 ﬃﬁ
()
41 cms−1
k=6a'*ﬂ*ZNO!!UﬂO'*	-i
:+,'*B! ﬃﬂ2():	-ﬂ2!ﬂS(*
2.02
;<9 
_Iﬃ'* !);t!/*!6ﬂK#:/*?_2#.^-eO/[!:	-ﬂJ ?')e
1)!ﬂ,'20 XNﬃﬀ'*ﬂ*
 ?	-J  ﬃ/*.()ﬃ;<9A:ﬂ-ND ﬃ##:H()B!	/2H-ﬂ,!B#:H:	 ﬃIﬃA!ﬃﬂ,
!/[ﬁ!:Nﬃ-	-ﬂ,x()
2.7
k
1.8
k
0.4
k
1
k
0.2
k
0.2
k
0.4
k
0.4
-
0.9ms
;	0ﬂr().ﬂ*I'*Eﬁ#. ?i
-	-ﬂ,0!'*0ﬁA/*C*ﬃ!A#:Aﬂ2()H- ?/2#:#: ﬃ:!-Nﬃ#:'2 ?ﬂ,H!'*H#. U!'*!57 ﬃ-B()#: UIﬃ')!!ﬃ;
<9ﬁNﬃ-!!.- ?#y!-	1*#: -!0:6'2K()0#. 
ﬁﬂ,Nﬃ!I-ﬂ2ﬁ0()Eﬁxﬃﬂ2()x ?'r!ﬃ		ﬁ^(*0#. 
Iﬃ')!!ﬃ;On9N? ?ﬂx#&% :	/2 ﬃﬁk,#. BIﬃ')!!Hﬂc% 6x/2 ﬃx6/*C2-:+,'*k	U ?.\/*#:'2/*)C2H()'Z	)()
2
(*
C2 ?	ﬃﬂ*.+,'*!/*C*!.+,'*;=LAFﬁﬂ*ﬂ2 ?.! ﬃﬂ/2 #. s()mOﬂ2 ?	.+,'*r()r#. TIﬃ')6
"r#&% :ﬂ26 ?ﬂ,E:ﬂ*!. ?#&kyﬂ*'2E Nﬃﬂ20ﬁ]yv'*#U- ?#.ﬁ'2#` XNﬃ
'*ﬂ*!/*C*3!/[ﬃ'*ﬀﬁﬃﬂ()aﬂ
:ﬂ*!. ?#:ﬃ;
<9 F_2Iﬃ'* !*; F-/2!6ﬂ!#:ﬀ/2!ﬃ_2#:ﬀﬂ,'*	-.+,'*B!'2-ﬁ!!57-k9!-/2 ?ﬀ()
5 10−2
ﬂS-	/20 ﬃ(*	-ﬂ6:ﬃﬂ*ﬂ2ﬃ;<9ﬀ!	/20- ﬃ v!!.:+,'*ﬀ')!:#::!/[ﬃ'*0!'*/*/*:	H#H()i
	-ﬂ6:ﬃﬂ2(*E#&% +,'2 DﬂF() x-ﬂ*'*##:c-% -!ﬀw
τ =
√
ρR3/σ
n
5 10−2
-ﬃ!6/[ﬃﬂ2(r()ﬃﬂK#E!	//*C,m)!:+,'*Uw
t = 510−2
√
ρR3/σ = 0.43ms
/['*'*ﬂ*ﬀIﬃ')6ﬀ(4%  ?'S(*EJ mﬃﬂ
1.75mm
;
u % 
/[ﬃ:ﬂJEﬃﬂﬀ-!'):#.6E/[ﬃ'*B()-!:
#. F!'*!57 ﬃ-(*#: FIﬃ')6ﬃk4#: S()'*-U()'
 ?#.ﬁ'*#xﬂ)5l!:-'*0"ﬀ'2ﬂ*HC2-'*ﬃ;,<9\ﬃﬂ()- ﬃ/*:##. ?:!@!'*#. 6'*!57 ﬃ-H()H#. BIﬃ')6
"% 
    
ﬃ&ﬁ
	6  ﬃ (
	   @ ! #6	(  @ J 
 ﬀ
!);tO;:w &# . ﬀ 
')( *%  - /ﬂ  ' ( ﬀ   *%  !ﬀ$
    'ﬂ0/. ﬃ/(0  ﬂ 4 ﬁ 
  ﬀﬂ0'
       4 ﬀ +"ﬁ   ')( ﬁ # . ﬀ 
  ' 
41 cms−1
 	  ﬀ /2% '$ 	ﬀ,- /   '$
1.75mm
4
 %~u
     
  
 
	 	   
J !/ﬂ   /ﬂ $&	
(ﬁ  M	ﬂ
 
ﬁ 
ﬁﬀ
!*; #2;w &# . ﬀ$
 ' ( *% ,- /    *%  !ﬀ$
    ' 1/ . ﬃ/(0 4 &# ﬀ5- '$ 2%   
#
0ﬀﬂ ﬁﬃ$,. ﬀﬂ ﬁ  ' . 0/=4    

ﬁ !&4 ﬁ %  +ﬂﬀﬂ 	 '$ &# . &/%  	,# $# 
  . /  	ﬀ 4 -$   4  4
"% x
    
ﬃ&ﬁ
	6  ﬃ (
	   @ ! #6	(  @ J 
 ﬀ
!*; *;:w  # . ﬀ 
 ')( *% ,- /ﬂ    *%  !ﬀ$
    'ﬂ0/. ﬃ/(0  . 1/J4   %*#ﬁ!  
 

ﬁ !$4 2 ). 0/=4   $/%  $ . ﬀ 0' 
5 10−2
&% $# . ﬀ 'ﬂﬁ # &% ﬁ"/%ﬃ%  $/ﬂﬁ 
0.43ms
. /  *%  - /   ' ( ﬀ  '$  ﬀ  /%
1.75mm
4
 % 
    
M% J 
!ﬃﬂ,9ﬁ]yﬁ!:Nﬃ-	-ﬂ,b12ﬂB(*ﬁ!9ﬁb#&% ﬂﬀ/[-')=ﬃ12!-Nﬃ-c#. ﬂ2 ?.! ﬃﬂ2ﬁ@(c% '*ﬂ -bNﬃ6: ?#
J ?/*.()E-ﬂF_2ﬂM()ﬀ ?#.ﬁ'*#+&\5; !);  %(ﬁ ;
ﬁﬀ
!); "%*;:w   +  ﬁ 
ﬀﬂ !&/ﬂ #  . ﬀﬂ  ﬀ 
/%ﬃ+ﬂ - &% 
 '$ /2%3' 
ﬀ . ﬁ   ﬀﬂﬁ   ﬀﬂ $/2# # 
'  	ﬀ - /  54
¨
#`-J ?K"rﬁ!'()E#d% -Nﬃﬂ'*-#:#-e):6!ﬂ2ﬁ(4% '2ﬂ*!ﬂ2Iﬃ'*#. ?a
()-ﬃ'*1*'*
 ﬃ'
!ﬃ		ﬁ()A#: ﬀIﬃﬃ'*6!;ﬃ<9@/*!ﬃ_2#:>-eO/[!:	-ﬂ, ?'*e
	ﬃﬂ!ﬂkﬃ-ﬂUﬁ][-k,+,'*Hﬁ -\
_2ﬂZ-!3-ﬂ*!Iﬁ:+,'*k,- ?J ﬃﬁ!-.!.+,'*\() 6"B-ﬂﬁﬃﬂ,!-\(* ?ﬂ2#&% -!'2()E()0#&% ﬁ#. D!-i
	-ﬂ,H()ﬀ#: 1*'*##:ﬃ;
POb#&% ﬂT():	ﬂO'*
()	U ﬃﬂ*3!ﬁﬂ2!+,'*-ﬂ,!B#. UNO!!(4% :	/2 ﬃﬁk#:Hﬂ2()0- ?/2#i
#. ?:@"E#. B6'*!57 ﬃ-A()A#. EIﬃ')!!Aﬃﬂ,()@#:ﬃﬂ*I'*-'2@(4% ﬃﬂ2()@1[ ?'ﬁﬃ'2//*#'@IﬃJ ?ﬂ();
<b B_2I'* !); $0!/*!-ﬂ0#d% :	/ ﬃvA(4% '*ﬂ*EIﬃﬃ'*60/['*x'2ﬂ*KNO!!K ?ﬂ2^():	ﬂ2!ﬂ
()
0.5
kyﬃ% !ij"?ij(*"Z/[-'s/*30#+,'2 ?!K()--#:#(*
#: r!	'2#: ?!:ﬃﬂs/*!ﬁ(*-ﬂﬃ;y<b 
-ﬃ'*1[0!J ?ﬂﬁﬃﬂ2ﬂ*ﬁ!-kOﬃﬂZ/[')^	ﬂ*-^#E ?#.ﬁ'*# '2+,'c%  ﬃ'Z-1[ﬂ2(Z()K#. Iﬃ')!!ﬃ;
   
 lr xhFv ilF
0 ﬃﬂ2EﬁJC2 ?/2a!k['*ﬂ*	ﬁC*)()ﬂ,!IﬃJ ?#:
 Zﬁ()ﬁ!ﬃky/*'*.KND ﬃ#.()-
/2 ﬃK'*ﬂ*
-!'2()06'2@#:A	*()
2
(4% ﬁ:##. Dﬂ2@(4% '2ﬂ*AIﬃ')6ﬂ$ ?/[ ?ﬂ,!'*;,ﬁ!!A5lﬃ	'*#: ?!:ﬃﬂ
%  ﬃ/*/*#::+,'*ﬀ ?')eZﬁ'*#:-	-ﬂ,^/[?!ﬂ#:k*?% 66i"Di()K6a/[ﬃ'*()x82'*.()x!3x/[-'
NO.!+,'*')e4kc!ﬃB/[ﬃ'*B#:ﬀ:ﬂ26 ?ﬂ,B-ﬃ'*!B()U/2C*-ﬂ*	3ﬂ*ﬀ:ﬂ-!57 ﬃ-: ﬃ')e4;9POﬂ ?/*/*#:i
 D!:ﬃﬂh"Z#&% :	/2 ﬃﬁﬀ(4% '*ﬂ*Iﬃ')66'2K'*ﬂ*!'*657 ﬁ
C,m)()ﬃ/*C*1[
()ﬂ*ﬂ*(*!301[ﬃﬂ
!'*# DJ-k)ﬂS ﬃﬁ(r Nﬃ0#&% ﬁe)/[-ﬂ2ﬁ;
"% !
    
ﬃ&ﬁ
	6  ﬃ (
	   @ ! #6	(  @ J 
 ﬀ
!*;	 ﬃ;:w
ﬁ`i$[8!"`4de[8]`~$`Z)[8!$#\i$`Ck 6ﬀﬃﬂ)&q^`
 ﬁ # . ﬀ 
	&%  . /  *% 
+ ﬁ ﬀ%  'ﬂﬁ # $% ﬁ"/2% '$
0.5
 &/ ﬁ 
10 cms−1
. /ﬂ *%  - /ﬂ  ')( ﬀ  '  ﬀ  /%
1.75mm
4
 %0
    
M% J 
~
##:
+'9% ##:B0-!!k2#. !C2-ﬃ:E5l!	U ﬃﬂH#. U12 ﬃ!()
ﬁ-6!	-!C*)(*Bﬂ*
%  ﬃ/)i
/*#:.+,'*^+,'c%  ?')e!'*657 ﬁ95l-	kX#^#.+,'*:(*^()mOﬂ2 ﬃ	.+,'*-	-ﬂ,> v!5[!\!'*ND ﬃﬂ`"0#&% :ﬂ)i
-'*;
¨
#[6 ﬃa\ﬂ,!!! ?ﬂ,@-')!:#:0()HIﬃﬂ*-J ?#:.6@ﬁ-6!H5Y!	'2#: ?!:ﬃﬂ$ ?')eU6'2657 ﬁ
'*Nﬃ-!!-;y-9/[!	ﬁ!!J ?0(4% ﬁ'2():-k[/2 ?Hﬁe)	/2#k2#:
ﬁﬃ	/[6-	-ﬂ,0(4% ﬂ2()0()
 ?J ﬃ(* Xmﬀ"0#. K6'*!57 ﬃ-x(c% '*ﬂ#:.+'2:();
¨
#)6=ﬃ')ﬁ5l:`/[6:1*#:ﬃkX	Xm-ﬂ*ﬂ2 ﬃﬂ>()=	)(*a_*i
 D!:ﬃﬂ-k()\57 ﬃﬁ\mO/[x()x- ﬃ#:-'*#:= Nﬃ>#. A	ﬁC*)()k!-#:#:x+,'c% ##:`()ﬁa\.ﬁ&; 	0ﬂ
/[') ﬃ')-^"#. 
!'*657 ﬁ0#:1*ﬃk,#:x1[ﬃJ(*x()'r!ﬁ:/*ﬂkO ﬃﬂ6y+,'*K#05lﬃﬂ2(ckOﬁ^-!:
#:0+,'2 ?!:ﬃﬂ2H:ﬂ!IﬃJ ?#:A/['*0#. Z6'*!57 ﬃ-ﬀ5l!	ﬃk['*ﬂ*:ﬃﬂs(*
-H!ﬃ.H!'*!57 ﬃﬁ-;4
	)()_ D!:ﬃﬂK!-ﬂB"Z57 ﬃ-B()-NOJ ?:-ﬂﬀ/!	-6!U(4% -!'2():-B/*#'E/*ﬁ.!-	-ﬂ,
#. !ﬂ*I'*#. ?aE()Bﬁﬃ'*1*'*K-ﬂ2-ﬃﬂ!E(* ?ﬂ^#: /2!	:3-K/ ?!!:ﬃ;
"%~t
    
ﬃ&ﬁ
	6  ﬃ (
	   @ ! #6	(  @ J 
 % #
  
 I    	  	  	      
 | |  
<9 S- ﬃ#!--ﬂ2-()UIﬃ')6B6/*C2-:+,'*E6B'*ﬂq/*C*ﬂ*ﬃ	3-ﬂ2$ﬁﬃ		'*ﬂ9kc/*'*.+'9% :#
E!/[ﬃﬂ2 ?1*#:
()#. $5l!	U ?!:ﬃﬂh()KIﬃ')!!E()/*#:'*:(* ﬃﬂ20#:KﬂO'2 ?I;c0% ky-ﬂ
')!ﬃk?'*ﬂU/*C*ﬂ*ﬃ	3-ﬂ*H+,'*2 ﬀ!'2ﬁ!ﬁ		ﬂ@'2ﬂNO5yﬂ,!0-\()A#: E/2 ﬃ6\()>/*COmO!i
-ﬂ2c-b	- ﬃﬂ*.ﬁ:-ﬂ29()48'*:(*;<cbC ?ﬂ*I-	-ﬂ,4!/[ﬃ#:ﬃI:+,'*4()9ﬂ,!-!57 ﬃ-9!ﬃﬂ,
-ﬃ		'*ﬂ*	ﬂA ﬃak* XNﬃE#d% ﬃ'):#cﬂ,'2	!.+,'*ﬃk! ﬃﬂ2x-ﬂ*:0ﬁﬃ	/)B()ﬀ#. /*COmO!.+'2
#:)- ﬃ#U()U#: F'*/)'*!;c<b F ﬃ:!ﬃﬂh-ﬂf!	/*#:Swc#:B():	ﬂ2!ﬂ2ﬀ!/2 D: ﬃ#-kc"F#d%  ?/*i
/*)JC*E()E#. 
'*/)'*!Eﬃ'S()E#: ﬁ, ?#:ﬁ-ﬂﬁﬃk) D6-:Iﬃﬂ*ﬂA()^ND ?#:-'2^ ?1*aJ ?:!-	-ﬂ,
/[-!!:D;,<9 ﬀ/2#'*/ ?!()\	-!C**()\ﬂ,'2	!.+,'*\ﬂ*H/[-	ﬁ/2 \()A ﬃa-"ﬀ#. E5l:
ﬃ')#BJC*-#:#:!/2 D: ﬃ#B(4% '*ﬂ/*ﬃ1*#:3-	$#x ﬃ/*/2 ?J XW.()
C ?ﬂ*I-	-ﬂJﬀ!ﬃi
/[#Iﬃ.+,'*;)aﬃﬂ2k,/['*xﬁe)	/2#kO#: 
!:	'*#. D!:ﬃﬂr(*0#&%  D!	: DﬂZ() ﬁJ^"C2 ﬃ')!
/*!ﬂg(* ?ﬂ2#
	?-'*J():!-#.-;><cﬃJ
()F#&%  ?!	. Dﬂckb'*ﬂIﬃJ ?ﬂ(ﬂ*ﬃ	1*F()
Iﬃ')!!E6ﬀ/*!)(*'*aﬀﬁB"SC2 +,'*Iﬃ')6ﬁ!!/[ﬃﬂ2(T'*ﬂqC ?ﬂ*I-	-ﬂ,K!/[ﬃ#:ﬃI:+,'*
()
#&% :ﬂ-!57 ﬃﬁ;
¨
#`!-J ?HND ﬃﬂs()
Nﬃﬃ'*#:0!	'2#K()	U ﬃﬂ*3!Iﬃ#:ﬃ1 ?#:B#d%  Dﬃ	: D:ﬃﬂ
-H()ﬀ	U ?ﬂ*:3-E/*!ﬁ.6k)#*- ?#:-	-ﬂ,k2C2 +,'*ﬀ6/2 ?J DﬂZ'Sﬁ, ?#:ﬁ-ﬂﬁE()ﬀIﬃ')6;
<9xC ?ﬂ*I-	-ﬂJ@ﬃ/[#Iﬃ.+'2\!ﬃﬂ^ ?#:> ﬃaﬂ2 D'*!##:-	ﬂ 7 XNﬃH#: 	ﬁC*)()
&
; 	
; x; uy*k ' ﬁvk@#+,'*r#():	-ﬂ2!ﬂ2()' ﬁ$ﬃ'R()'_2#:	  D!!Iﬂ*-ﬂ,#. s ﬃ#:#
()F#. s	 ﬃ#:#:ﬃ; 	0ﬂg/[')k`ﬂ* ?ﬂ*	ﬂ2k=:	 ﬃIﬃ:ﬂ*-ﬂ2-ﬃ/[ﬃ-'*ﬂ	*()3-#:r/*-ﬂ2 ?ﬂ,-ﬂ
-ﬃ	/)!K#. /*COmO!.+'2K()K#. !'2/)!'*ﬃ;20% 6x/['*^ﬁ-6K ﬃ:!ﬃﬂZ+,'c% #y^:	/[6J ?ﬂ,^()
-ﬃ	/*-ﬂ2()K#. ()mOﬂ2 ?	.+,'*E#:)- ?#:E()ﬀ#. !'2/)!'*Eﬃ'S()ﬀ#. ﬁ, ?#:ﬁ-ﬂﬁﬃ;
Hrﬂ2ﬃ	1*-')e ﬃ')!'*J
6r!ﬃﬂ,
:ﬂ-!!
"T#. s()ﬁ:/)!:ﬃﬂg()Fﬁ
/*ﬃ1*#:3-	;
0B ﬃ/*/*!*C*0!C*ﬃ:+,'*-k4ﬂ,'*	!.+,'*E-Bﬁe)/[-	ﬂ ﬃ#Kﬂ()ﬃﬂ*ﬂ2U()!3E:ﬂ)i
-! ﬃﬂ!Aﬁﬃﬂﬁ#:'26:ﬃﬂA6'*H#. '*/)'*B() ﬁJH#.+,'*.()  ^u)k ^)k ^x)k '=ﬃ'T6'*H#. 
- ?#:ﬁﬂ2ﬁ\()Iﬃ')!!b-ﬂ
 ?/*/*XeO:	U Dﬂﬀ(4% -ﬃ'*#:-	ﬂ`()^P,!Qﬃ 	ﬃt,k "!&;Xngﬂ2?!
-ﬃﬂ*ﬂ2 ﬃ: ?ﬂ2-ﬃk ?'2-'*ﬂ*-!'2(*
ﬂ,'*	!.+,'*ﬂs ﬃ/*/*e):	 ?!:ﬃﬂM/[?!ﬂ##:
ﬂc%  $ﬁ
ﬁ5Yi
5lv!'2-ﬃ;b0% 6ﬀ-+,'*ﬂ*ﬃ'K/*!/[!ﬃﬂ20(* ﬃﬂ2EﬁJC2 ﬃ/*a!ky-ﬂh')#:.! ﬃﬂﬀ#: r	ﬁC*)()
:ﬂ-IﬃJ ?#:E()ﬁaE/*-()-		-ﬂ,;
  
nu sfjfiv-il f   k,r  2k h jSvxk,lsrk
HKﬁe)/[-:-ﬂ2-0ﬃﬂ,Eﬁ!	ﬂ*-0ﬂh/*6ﬂ2ﬁ(*IﬃJ NO!/['*K-!'2():-E#. r- ?i
#:ﬁﬂ2ﬁK()E()')e$Iﬃ')6x()K	-Jﬁ'2!  x~u8j;)<c^ ?')-'*Jx!'*/*/[!-ﬂ,kOﬁJ ?ﬂ()ﬂ*ﬂ*K#
;=L
=<>@EE >@S PQGT> GFDFKD PVIQLIOGWR >@<<8?BDFK >.PDFBS6LI=E5KDTG DFI=HX=BS/PDFSHE
"% 
  
	' '@M' 	 	   
J 
 @ 	
 
'%	   
ﬁO-z$ﬁ:-ﬂ()H-ﬂ2!:ﬃﬂr()E6'*!57 ﬃ-A!3x-#:-NﬃK()'r	-'* 
0.435 kg.s−2
ﬁ+'20#: I ?i
NOaﬀ()ﬁ5l!	K/['F#xIﬃ')!!^()E/[ﬁaKJ ?:##:ﬃ;x-e)/[-ﬂ2ﬁxﬂA()ﬃﬂ0-!Eﬁ]yﬁi
!'*6'2^(*xIﬃ')!!^()
1 g.
;K ?ﬂ^ﬁ^ﬁﬃﬂ()a:ﬃﬂ2xﬁe)/[!:	-ﬂJ ?#:k,#:K/*C*ﬂ*ﬃ	3-ﬂ2
/[-') ﬁ!r ﬃ6:	#:Z"M#. T- ﬃ#!--ﬂ2ﬁ$(*rﬁ
()')eq	-	Iﬃﬃ'*6!B-ﬂg ﬃ/[ ?ﬂ-'*k
?% 66i"Di():!0+,'c% #4!K"
!mO	-!E De): ﬃ#;O<cxIﬃ')6x!ﬃﬂ,x/[,6x!'*x'*ﬂ2E6'*!57 ﬃ-
"C2 ?')^/'*NﬃC,m)()ﬃ/*C2ﬃ1[ﬃk,-K+,'*[-ﬂ2($#. ﬀ5l!	0(*Iﬃ')!!-ﬂ2-ﬃH/*#'/*)JC*
()ﬀ#: !/*C*3!;
<b H(*az$ﬁ'2#a^(4% '*ﬂB-#O/*ﬃ1*#:3-	!:()-ﬂ/2!	:-=#:'
(* ﬃﬂ2b#: 0-ﬃﬂ2()ﬂB:ﬂ*!. ?#:
" ()ﬃ/*!-;)p@ﬂMﬁ]yﬁk NﬃK#: 	ﬁC*)()B(4% :ﬂ!IﬃJ ?#:()E5lﬃﬂ,!:3-^')#:.6ﬀ:-dk2ﬃﬂSﬂ*
/[-')ﬂ2a: ﬃ#.!-@#:A ?#.ﬁ'*#+'9%  XNﬃ()')eIﬃ')6@-ﬃﬂ*ﬂ*v-@-ﬂ!A-#:#-; @#:'2\#A/[ﬃﬂ,
!#. ?ﬂ,B#:()-')efIﬃ')!!B6 M()$/-!J Xmﬃﬃﬂck4/2#'2#: M!:	'*#: ?!:ﬃﬂ!UJ ?/*/2!)JC*-J 
()ﬀﬁﬂ2()!:ﬃﬂ2K-e)/[-	-ﬂ, ﬃ#0:ﬂ*!. ?#:;4<cK	ﬁC*)()ﬀ(4% :ﬂ!IﬃJ ?#:K()5lﬃﬂ:3-!
 ?')ﬃ:!-ﬂ,0'*ﬂ*ﬁ6J ?:ﬂ*#:1[6
!'*0#. Z(*:6!12')!:ﬃﬂckyﬃ'T().6!1*'*!:ﬃﬂcky()0/[ﬃ:ﬂJ
()' 	U ?:##. ?Iﬃ; 	0ﬂR/[-')Z(*ﬃﬂ2S ?zﬂ2-U"q!ﬃ'2C2 ?#:S	U ﬃ#:#: ﬃIﬃS ﬃ')egﬂ2()ﬃR#: 
ﬁ'*!12'*!KAIﬃJ ?ﬂ2(* 6)?% 6#:B- ﬃ()'S/*ﬃ1*#:3-	ﬀﬁﬂ26.()!;
ω = r2p/R
rp
P
 ﬀ
2;	;w 2 /%3' ﬁ  ﬁ"/% ﬁ % ﬁ  ﬁ ﬀﬂ	  ﬀ  ﬁ!   .ﬃ/ﬂ 	 
ﬀﬂ	
 '$ 	ﬀ 
 / ﬀﬂ 
&% 
 '$ '$
- /  
\!ﬂ*ﬃﬂ2Zﬁ		sﬁﬂ2()!:ﬃﬂ :ﬂ*!. ?#:s6 D:+,'*s()-'*e !/*C*3-U ?ﬂ2Iﬃ-ﬂ,!-k\!#:-
-ﬂ,!-#:#:ﬀ/2 ?ﬀ'*ﬂq/[ﬃﬂ,B(*#:.+,'*:(*ﬃ;bPO@#&% ﬃﬂf/*-ﬂ2(qﬁﬃ		ﬁ5l!ﬂ2ﬁ#UJ mﬃﬂh()
Iﬃ')6
R
k>()ﬁﬃﬂ2!.()-J Dﬂ2Iﬃ-	ﬁ!.+,'*
!	/*#:	ﬂ!-ﬂ,U+'2r#:FJ mﬃﬂ(*
ﬁ'*!12'*!ﬀ()Bﬁﬀ/[ﬃﬂAA-I, ?#c"
ω/2 = r2p/2R
k*
rp
A#: U().J ?ﬂ2-ﬀ()'S/[ﬃ:ﬂ
P
"
#d%  ?eOﬀ()B6mO	ﬁ!: &\5;*_2I 2;	ﬁv;
<906:	'*#. Dﬂ2A/*!-ﬂ,!Aﬂ26'2aﬃﬂ,0ﬁ!
ﬁ][v'*-0 XNﬃﬀ'*ﬂ*ﬁﬃﬂ()aﬂM:ﬂ*i
!. ?#:S-#:#:s+'2
rp = 0.1R
; ='*$!ﬃ'()!Fﬃ')$#UC2-#:#$()'/2!1*#3	k@'*ﬂ
$"%
     
 
 
	
	#8 	   
  
 
ﬃ@.M

	U ?:#:#: ﬃIﬃ$ﬂ*ﬃﬂ'*ﬂ*5lﬃ	Z"TﬁZ')#:.6ﬃ;`<@% ')#:.! ?!:ﬃﬂ(c% '*ﬂ2rﬁﬂ2()!:ﬃﬂﬂ2a: ﬃ#Z/['*
#. ﬃ+,'*##:
ﬃﬂh ﬃ'*J ?
rp ¿ 0.1R
/[!()K/*ﬃ12#3	0ﬂ,'*	-.+'20-E#: $5l!	'2#: ?!:ﬃﬂ
()- ﬃ#:#:-Z ?'JC2 ?/2a!$/*-()-ﬂ,ﬂc% 6
/*#'BN? ?#. ?1*#:ﬃ;`B/*ﬃ12#3	B!ﬃﬂ,
():!v!-i
	-ﬂ,ﬀ#:E"r#d% :ﬂ!!/[#: ?!:ﬃﬂh()K/[ﬃ:ﬂﬀ()#. r!'*657 ﬁ"r#d%  ?.()()
5lﬂ2vﬂ2E6/*#::ﬂ*
-A!-ﬃﬂ,(*:ﬁ')-ﬂMﬁﬃﬂﬁ#:'26:ﬃﬂS()ﬀ-ﬁ6ﬀ/2 ?!!:ﬃ;
<9 E_2I'*!L*;vuK-/2!6ﬂ!A#@/*?_#:@ﬂ,'*	!.+,'*\!'2ﬁ657\!'*/[-/[!@ ?')e/*C*ﬃi
ﬃIﬃJ ?/2C*0()#&%  ?!!.ﬁ#:()

-ﬂ2JC2 ﬃ Zﬁ ﬀ  4:;9<c0:	U ?IK!ﬃﬂﬀ!-/2 ﬃ!0(*
3.5ms
;
	0ﬂhﬁﬂ26 D'*ﬂs!301[ﬃﬂh ﬃﬁﬃJ(Sﬂ!
#:0!'*#aJ DJHﬁe)/[!:	-ﬂJ ?')eMﬁE#:0/*?_2#.
()0#. 6:	'*#. D!:ﬃﬂ$ﬂO'*	-:+,'*k,ﬁK+,'*/2!'*NﬃH+,'*H#. ().!!:/2 DﬂUNO:+,'*-'6H/[-') -!
ﬂ*Iﬃ#:I-$/['*ﬁ$mO/[r()r/*ﬃ1*#:3-	ﬃ;=<b S_2I'* 2; x2kb+,'2 ?ﬂ,"T-#:#:ﬃk=!/*!6ﬂ!r()
:	U ?Iﬃ^()B!m,ﬂ,!C*36ﬀ! ?#::!-x"/ ?!!:()^/*?_#:()ﬀ#: !'*!57 ﬃﬁE#:1*ﬃ;
GAﬂ*Hﬁ'2()Hﬂ,'*	-.+,'*Aﬁ]yv'*-H/2 ﬃP,-/*C2 ﬃﬂ* `ﬃ/*:ﬂ*-\/*!6ﬂ-H(* ?ﬂ2@#&%  ﬃ6i
:-#()

ﬂ2C ﬃ- Zﬁ ﬀ  4:;c<cH+,'2 Dﬂ20()L0 NO:-!iPO!ﬃQﬃH!ﬃﬂK!ﬃ#:'*;[<cK ﬃ')i
-'*Jﬁﬂ2J D-ﬂ'2ﬂ*F()]y--ﬂ2-rﬂ*?J ?1*#:r-ﬂr#
/*?_2#.ﬂO'*	-:+,'*--e)/[-ai
	-ﬂ, ﬃ')eT ?/2!3A#. Z-ﬃﬂONﬃ-Iﬃ-ﬂ2-B(*0ﬃﬂ2(*K- ?/*:#:#: ﬃH ﬃ's!ﬃ		ﬁE()0Iﬃ')!!;4
/*ﬃ12#3	 ?/*/2 ﬃ DW:A-I ﬃ#	-ﬂ0(* ?ﬂ2Aﬂ*H6:	'*#. Dﬂ2-H/*XNO:-ﬂ0! ﬃﬂ2A()ﬃ'*!()B#. 
().6:/2 D:ﬃﬂs(c% ﬂ*-Iﬃ:/*DNﬃ)+,'*-/2 ?Eﬁ0ﬃﬂ2(*K- ﬃ/*:##. ?:;y-6(*:6:/2 ?!:ﬃﬂs6k
1*:-ﬂr-ﬂ-ﬂ2(*'ckOﬁe*-#'*K()Kﬂ*x!	'*#. Dﬂ2k/*'2:+,'*0#d% ﬃﬂZﬂ*Iﬃ#:IH#ﬁ]yﬁJNO.!+,'*')e4;
p@ﬂﬃ')ﬃkX#&% ﬁe)/[-ﬂ2ﬁ^ K	ﬂ!+'2^()x!3=/[-!!>Iﬃ')6=/['*ND ﬃﬂ>!^()- C*
 ﬃ'!ﬃ		ﬁ\()>Iﬃﬃ'*6!-k?/*C*ﬂ*ﬃ	3ﬂ*A+,'**/2 ﬃ6:-/[A ?'262"K#. ﬀ():!/2 ?!:ﬃﬂ(4% -ﬂ2-Iﬃ:ﬃ;
ﬁﬀ
*;vu);:w 	  ﬁ"/2% '$ '  - /   '$#  
   
 /2# . ﬀﬂ ﬀ ﬁﬃ$/% &%  ﬁ # 	ﬀﬂ ﬁ"/2%
%*#ﬁ!    &. ﬁ $% 
54
!6'2#aJ Dx+,'2 ?#:aJ Da57ﬂ*0-ﬂ()-ﬂﬁﬃ	/)K+,'*0/2 ?!!:-#:#	-ﬂ^()'r/*C*-ﬂ*	3-ﬂ*
()
- ?#:ﬁﬂ2ﬁ;
¨
#b60/*#'H	/[ﬃ! ﬃﬂK()
ﬁﬃ	/*-ﬂ()!B#	 ?ﬂ*.6	()#. $- ?#:6i
--ﬂ2- ﬃ')e:ﬂ26 ﬃﬂ@-ﬃ'*!;?<@% ﬃ1 ﬁ!54()Aﬁ-6!Aﬁ!'()ﬂ,'2	!.+,'*\(*ﬃﬂ2?k?/*#:'2@+,'*
()UND ?#:.()-E#:Uﬁ*()ﬂO'*	-:+,'*kc()U! ﬃ/*/*)C2-K#/2#'2ﬀ/[6:1*#:()U#d% ﬂJ ?ﬂ()'
-ﬃﬂJ ﬃﬁA()A()-')erIﬃ')!!-;
 $
  
	' '@M' 	 	   
J 
 @ 	
 
'%	   
 ﬀ
*; x*;:w 	  ﬁ"/% '$ '  - /ﬂ   '$#  
 54 &# ﬀ5- '$ 2%   
# 0ﬀﬂ ﬁﬃ$
. ﬀ  ﬁ  '$ . 0/J4   %*# ﬁ!  $4
     
m1h sk fih _vxlFm1fil\mbr ihjm=
	0ﬂZ/[')^/*!():!K()0	U ﬃﬂ*3!H!3x!	/*#:ﬃkO#:K-ﬃ	/[ﬃ!!-	ﬂ^ ?')e$ﬂ26 ﬃﬂﬁﬃ'26J
()
#. Z().6 ?ﬂﬁ()'s/[ﬃ:ﬂ
P
"$#&%  De)
()!mO	ﬁ!:ﬃ;yP)=#:
/[ﬃ:ﬂ
P
ky"Z#d% :ﬂ2J ?ﬂ,K:ﬂ*a: ﬃ#dk
6K6')z$ ?		-ﬂ0/*)JC*()#d%  De)()
6mO	ﬁ!:ﬃkﬁ ﬃﬂK()ﬂ*ﬂ*
+'2
ω/2 = r2p/2R
ﬁ
+,'*x#. Kﬁ'*1*'*x6()ﬁ	/[!-ﬂ'*ﬂ*-ﬃ'*1*'*/*#. ?ﬂ* 7!'*/*/[!-x/*ﬃ/[6ﬂ*ﬂ*##:"
ω
ﬁx-A'*ﬂF!-	E/*ﬃ/[6ﬂ*ﬂ*-#4"
rp
k*ﬃﬂF/[')H!'*/*/[!- 
rp ¿ r2p
ﬁ^+,'*E#:E/2!1*#3	
6S:(*-ﬂ:+,'*k ﬃ')e ﬂJ ?ﬂJSﬁﬃ'26J-k^ ﬃ't/*ﬃ1*#:3-	h/2#: ﬃﬂ  !!)ﬁ: 7()')e ﬁmO#:ﬂ2(*!
 ﬃﬂ*Iﬃﬂ@ﬁv;
P)
t¿ 1 kDﬃﬂ/[-'*>!'*/*/[!-kXﬁﬃ		/['*=#&% -!'2(*^()x#&% -][ﬂ2()-	-ﬂ>(c% '*ﬂ2x1*'*#:#
"#: 
!'*!57 ﬃﬁk,+,'*K#x()][!ﬂ!I ﬃﬂ2()'*()0#&% ﬁ'*#	-ﬂ6K-ﬃ	/[ﬃ!!ﬂ^ﬁ		
()/*'*.! ﬃﬂ2ﬁ()'F!	/ﬀw
ϕ ∼ tα r ∼ tβ
K ?ﬂ9-9-ﬃﬂ2()ﬂ2-k/[ﬃ'*b+,'*\#@!!	(4%  --'*	'*#. D!:ﬃﬂ
∂ϕ/∂t
()\#&% +,'2 Dﬂﬀ(*
x-ﬂ*ﬃ'*#:#:46()'S	 	ﬀﬃJ()K()EI ﬃﬂ2()-'*+,'*E#: 
!!	ﬀ()ﬀ-ﬃﬂ,Nﬃvﬂ
(∇ϕ)2/2 k
ﬃﬂS()aANﬃ-_2-Ew
α− 2β = −1
`ﬃ'*E+,'*
#!!	()!ﬂ26:ﬃﬂh()6'*!57 ﬃ-ﬃk[!
-ﬃ	/[ﬃ! ﬃﬂKﬁﬃ		
r−2p
6aK(*'
	-	A(*!A()AI ﬃﬂ2()-'2@+,'*A#:-	0()Hﬁﬂ,Nﬃv!:ﬂck?ﬂU()\-I, ?#:-	-ﬂ,\%  !!'*-
+,'*w
α+ 2β = 1
B6m)6!3	ﬀ(4% +,'2 ?!:ﬃﬂFﬂ*ﬀ/[63()E+,'c% '*ﬂ*B!ﬃ#:')!:ﬃﬂfw
α = 0 β =
1
2
$\u
     
$	 	  C	 1 8
<9 ().J ?ﬂ2-s()' /[ﬃ:ﬂ
P
"#&%  De)T(*s!mO	ﬁ!:T(*ﬃr()ﬂ2?kx!H#&% ﬂ 6'2/*/[!T#
/*ﬃ12#3	E/*#. ?ﬂ9k*!ﬀﬁ	/[6-ﬁ		 	ﬃt\w
rp ∼ t1/2
(2;	ﬁ
n -ﬁ6!C*ﬃU6:	/*#$-% ﬃ/2/[!
#:	-	U ﬃ:!ﬃﬂ*ﬂ2-	-ﬂB+'2/[ﬃ'*ﬀ#&% -][ﬂ2()!-i
	-ﬂ,(c% '*ﬂ*r1*'*#:#F"M#. T!'*657 ﬁ$#:1*ﬃ;`POx#d% ﬃﬂg()ﬁ.()r()Zﬂ2Z/2 ﬃBﬂ2-Iﬃ#::Iﬃ-#$-	
 ?eOi6mO	ﬁ!.+,'*0()K#: !-ﬂ6:ﬃﬂF()E6'*!57 ﬃ-ﬃk,ﬂr ?1[ﬃ'*!k) ?/2!3 XNﬃﬃ:+,'*:#:1*0#:^()5Yi
5l!ﬂH-	0(*#&% +,'2 ?!:ﬃﬂs() x-ﬂ*ﬃ'*#:#:dk[ ﬃ')eM	 	#:0(c% C*##:K+,'*
/[ﬃ'*K#
/*ﬃ12#3	ﬀ()ﬀ#. 1*'*#:#k2"! XNﬃﬃ:Ew
rp ∼ t2/3
(2; u(ﬁ
<cS57 ?Z()T6'*/*/[,6'Rﬂ*ﬃﬂ+'2
ω
6!M()M#&% ()S()
r2p
ﬃ/*/[,6MﬁU()')e
C*-!:;
¨
#[6x()ﬃﬂﬂ2ﬁ! ?:A()0-ﬃﬂ)_2	-kﬃIﬃJVﬃ-A ?'Z- ﬃ#:-'*#ﬂ,'*	-.+'2ﬃk#&% '*ﬂ*H'
#&%  ?')!ﬀ()BﬁC,mO/[?C*3!;
 , ,>S:,  6@4FAK 1<7$18@C/ FL  5 ;   FL36@C=2FG5
rp = 0.1R
	0ﬂT/[-'*k4(* ?ﬂ20'*ﬂs/*-	:-H-	/2k[-e) ﬃ	ﬂ*0#H!'*# ?Hﬃ1*!-ﬂO'20/[ﬃ'*
rp =
0.1R
k=/[ﬃ'*
#:!+,'*#:
 ﬃ'2ﬁ'*ﬂ2Z	)()_- ?!:ﬃﬂ	U -'2!Zﬂc%  TﬁZ-][v'*-F!'*
#:rﬁ)(*
ﬂO'*	-:+,'*;<b _2Iﬃ'*2*; A-/*!-ﬂ,!\#9/*?_#:b()#: 06'*!57 ﬃ-@#::1*!/[ﬃ'*b#:b/*!	
:ﬂ26 ?ﬂ,A()ﬀ#: - ﬃ#!--ﬂ2ﬁk)6/2 ?^()
0.23ms
;
0.09 0.19 0.29 0.39 0.49
−0.2
−0.1
0
0.1
0.2
ﬁﬀ
*; 2;:w  +2/   ﬁ"/% '$ 	ﬀ !ﬀ$
  ﬁ!0  . / 
rp ' 0.1R
4  . 0/J4   $/2%  $ . ﬀ 1
' 
0.23ms
4
nA/*3
'*ﬂg!Iﬃ:	U ﬃﬂ2!aﬃ:!k9#d% -Nﬃ#'*!:ﬃﬂg()'gJ mﬃﬂ(*'g/[ﬃﬂ-#:: ﬃﬂ
#:()')e
Iﬃ')!!^A1*:-ﬂM ?/*/*XeO:	K/2 ﬃ^#. #:ﬃ4ﬂ
t1/2
*; !);
 'x
  
	' '@M' 	 	   
J 
 @ 	
 
'%	   
10−6 10−5 10−4 10−3 10−2
10−4
10−3
10−2
t(s)
r p
(m
)
r = f(t)
y = αt1/2
 ﬀ
*; !);:w  +2/ﬂ  ﬁ"/2% $# .ﬃ/ﬂ  	 '$	ﬀ 
/ /ﬂ0' /%ﬃ%   ﬀ ' ﬁ ﬀﬂ  '  . / ﬁ %   1( ﬀ  ' 
2# ﬁ  '  '  - /ﬂ   . /ﬂﬁ %
P
 	ﬀ 4 -$  4  4
	0ﬂU(*:!/[!/'*! ?ﬂ,\()A	ﬃ:ﬂ2@(c% '*ﬂ2H() ﬃ()A-ﬃﬂ2--ﬂ2 ?ﬂ,>#. END ﬃ#'*@()
rp
;O0% 6
/[ﬃ'*J+,'*ﬃK:#E6F:	/[ﬃ! ?ﬂ,S(4% ﬁ]yv'*-T()S6:	'*#. Dﬂ2r/[ﬃ'*
rp ¿ 0.1
kAﬁf+,'*
ﬂ*-6!ﬀ+,'*#:+,'*^	)()_- ?!:ﬃﬂ2()ﬀ#: 	-!C*)(*EﬂO'*	!.+,'*ﬃ;
 ,  , ,  ;M}FLK>7$1<;N=?/L@E=?FG5
rp = 0.01R
		M:#H fﬁM!	U ?J+'2ﬃk`#:M/*ﬃ1*#:3-	Mﬁ	/*!ﬂ2(R()-'*eJC*-#:#:!3$()a]yﬁi
!ﬂEw
#:EJ mﬃﬂ
R
()Iﬃ')6k)/*!.^I ?#c"
1
/[ﬃ'*#:A6:	'*#. Dﬂ2-k
#:^J mﬃﬂ
(*-ﬃ'*1*'*^()'/[ﬃﬂ,>#:.+'2:()-#:: ﬃﬂ>#:@()-')e
Iﬃ')!!kDI ?#*"
r2p/2R
;
¨
#457 ﬃ')H()ﬂ2?k2!c#&% ﬂFNﬃ')A!ﬃ'2()K#:ﬀ/*!1*#:3-	E/[ﬃ'2
rp ¿ 1
k2')!:#::!-A'*ﬂS	U ﬃ#:#: ﬃIﬃ
!3B_ﬂg"s/*!Xe)	!r()'g/[ﬃﬂ,#.+,'*:(*ﬃk=ﬁ/*#:'2
I!,!!B#ﬂg(*r-Z/[ﬃﬂ,;`<9rﬁ )
ﬂ,'*	!.+,'*(4% '*ﬂ*!	'2#: ?!:ﬃﬂ  XNﬃf'*ﬂ 	U ﬃ#:#: ﬃIﬃf-I'*#:-Ss() 6"R-ﬂ2ﬃ	q/[ﬃ'*
rp = 0.01R
;bp@ﬂgﬁ]yﬁk=!#&% ﬂ!'*/*/[!Z XNﬃﬃ:B1[!ﬃ:ﬂ(4%  ?'	ﬂ
10
!-I	ﬂJ()
- ﬃ#:-'*#@ ?'fﬂ*:Nﬃ ?'q()'q/[ﬃﬂB/[ﬃ'*ﬀ!6'2()
#:E+' D!:ﬂ2Eﬁ!ﬁ!	ﬂk4#>57 ?'() ﬃa
-ﬂON,:ﬃﬂ
2.105
	U ﬃ+,'*'*b!'*=#:x!(*#&% ﬂ,!-!57 ﬃ-ﬃkDﬁ^+'2,ﬂ9% `/2 b! ?#:: ?1*#: Nﬃ
#ﬀ	Dmﬃ-ﬂﬀ()$- ?#.ﬁ'2#:ﬀ v'*-#.-;9GAﬂq	U ﬃ#:#: ﬃIﬃ (* ?/*!U"F#. FI-ﬃ	ﬁ!:(*'f/2!1*#3	
-% :	/,6ﬀ()ﬂ2?;
LH ﬃﬂ*	ﬃ:ﬂ2-kO#4ﬂc% 6^/2 ﬃx/[6:1*#:K()E().6!1*'2-^#/[ﬂ,^ ﬃ!1* ﬃ-	-ﬂk, ?ﬂ
ﬁ!U-ﬃﬂ)5lﬃﬂ,!U"Sﬁ6J ?:ﬂ2K/2!1*#3	E#:B ?'q ?#.ﬁ'*#@(*E5Yﬂ2vﬂ2ﬀ!/*#:ﬂ2;9PO&kcﬂ,'*i
	-:+,'*	ﬂkO#. 
	'*#!:/*#:: Dﬂr^!3x/*-:!ﬃkO#&%  (*()!:ﬃﬂr#&% 1[ ﬃ'2ﬁ'*/Z	ﬂ2;
$'
     
$	 	  C	 1 8
POﬂ
a
ﬁ
b
!#:A+,'* |b− a| ¿ |b| ;2nA#:ﬃJ-k)#d% ﬃ/[ ?!:ﬃﬂhw
a
b
a
!3^/*-:!ﬃkOJ ?ﬂ2().A+'2
(b− a) + a
()ﬂ*ﬂ*
b
 N
'*ﬂ*/*ﬁ.!ﬂs-#. D!:Nﬃﬁﬃ	/2 ﬃ ﬃ1*#:
"r#. r/*-:!:ﬃﬂs	U C*:ﬂ*ﬃkc+,'*>
/*)JC*
(*
10−30
ﬂh()ﬃ'21*#/*!ﬁ.6:ﬃﬂ9;4
	U ?ﬂ+'2()
/*-:!:ﬃﬂTC2 ﬃﬂ2(): ?/[
#d% /-i
J DﬂR()M#::! ﬃIﬃS()M#. q!'*657 ﬁS#+,'*F#:$().J ?ﬂ2ﬁ-ﬂ,!S#:U/[ﬃ:ﬂJ$6ﬂ!3
()]y--ﬂH##ﬂ*I$()#d% ﬂ,!657 ﬁﬃ;=ﬃ'2H#.6-H#A/[ﬃ:ﬂJH()#: $!'*657 ﬁﬀ-H#:B/[?-ﬂ)i
#
ϕ
k2ﬂM()aH-N? ?#:'*-A#:A/[ﬃ#:mOﬂ 
ﬃ	A(4% ﬃJ()K!ﬃ.A ?'Tﬁ-ﬂ,!B()JC2 ﬃ+,'*6Iﬃ	-ﬂ,
()-_2ﬂ*c/ ?#d%  ?1!-:6E-'*N,:#:Iﬂ*w
si+1/2 = (si + si+1)/2
p>J ?ﬂ,\()ﬃﬂ*ﬂ*^#: 0!3`/[ﬁaxJ ?:##:()'!-I	ﬂ
[si, si+1]
!#: ?!:Nﬃ-	ﬂ>"K#. 0ND ﬃ#'*>()
si
k[#&% -!-'20ﬁ		.!
6'20#&%  ﬃ12!-:!ﬁ'*NO:#:Iﬃﬂ*
()'s	:#:-'h!-/[-')!
()
	U ?ﬂ23!
:	/[ﬃ! ?ﬂ,!0!'*x#d% -N? ?#:'2 Dﬂ$()'Z/[#mOﬂ 
	HﬂZ-H/[ﬂ,; 	KﬂZﬁﬂ2J DHﬁ]yvNﬃ	-ﬂ
+,'*#:H5lﬃﬂ2ﬁ!:ﬃﬂ20!/*#:ﬂ*0- ﬃ#:-'*#:-0()
-ﬁ!!5l 
ﬁﬂT()ﬂ*ﬂ*-ﬂ,K(*H!'*# ?!3H	i
/*-: j\5;2=:I2; *; (ﬁ ;
0.0099 0.00995 0.01 0.01005 0.0101
−0.0001
−5e−05
0
5e−05
0.0001
r
z
ﬁﬀ
2; 2;w) / ﬁ %   ﬁ % ﬁ  ﬁ ﬀ  ﬀ  % ﬁ +ﬂﬀﬂ 'ﬂ . /% $%    	 '$ - /ﬂ     ﬀﬂﬁ 
/2% ﬁ %  
 .  . /ﬂ& '$ . / ﬁ %   
ﬀﬂ	
  . ﬀﬂ ﬁ ,'$ !&/2% 
 ﬁ"/2%  .  ﬁ %   .ﬃ/ﬂﬁ %  ﬁ     4  ( ﬁ # "
. 0
ﬁﬃﬁ"/%'$  .  ﬁ %  +"ﬁ &% '  !ﬀ ﬁ   ( /2% %  .  . ﬀﬂ  ( ﬀ      0( ﬀﬂ0
ﬁﬃ

 +"ﬁ  ﬁ -% 
(si + si+1)/2

 /ﬂ  .ﬃ/2%3' ﬀ  # ﬁ  ﬁ  '   -# $% 
[xi,xi+1]
4
	0ﬂ ()ﬃr()ﬂ2TJC2 ?ﬂ*I-$#. ()ﬁ/*!:ﬃﬂ(*T#&% :ﬂ-!57 ﬃ-ﬃ;GHﬂ*h()-')e):3-	TNﬃ!:ﬃﬂ
()'T-)()B()- ﬃ#:-'*#9 -!()Nﬃ-#:ﬃ/*/[Uw2#^5lﬃﬂv!:ﬃﬂA!/*#:ﬂ*A!ﬃﬂ,H- ﬃ#:-'*#:-A XNﬃE'*ﬂ
 "!
  
	' '@M' 	 	   
J 
 @ 	
 
'%	   
/2 ?J ?	-!J ?Iﬃx()][!ﬂ;ﬃ<c/2 ?J ?	3ﬁ!
χ
C*:!)6@'*ﬂ*^5lﬃﬂ2ﬁ!:ﬃﬂ(*^#&%  ?12ﬁ.!!^ﬁ'2!NOi
#:Iﬂ*ﬃkﬃ DzUﬂ*/2 ?@	- ﬃ')e4kX-I, ?#:^"
i
 ?'/[ﬂ,
(xi, yi)
;Oﬁ!!^5l!	'*#. ?!:ﬃﬂﬂ*-6!
(4% ﬁ:!
()][!		ﬂE#0ﬂ,!-I ﬃ#A-ﬂ2-ﬃﬂ!0(* ?ﬂ20#&% +' D!:ﬃﬂs()2()C*#	 ﬁ
#B- ﬃ#:-'*#c()'S/[?-ﬂ,!:-#9()^NO!!
A
w
ϕ(M) = µ(M) +
∫
s
(µ(M)− µ) Kϕ ds
dχ
dχ
g*; x(ﬁ
Aθ(M) = −
∫
s
(µ(M)− µ) KA ds
dχ
dχ
g*;  ﬁ
ﬃﬂ*ﬂ ?.! ?ﬂ,B#ﬀ5lﬃﬂ2ﬁ!:ﬃﬂ2
6/2#:ﬂ*
()
ﬁO()ﬂ*ﬂ*ﬀ()B/[ﬂ,(*$#. T6'2657 ﬁﬃk9ﬃﬂ
/[-')0()ﬁ-!	:ﬂ*-
ds/dχ
IﬃJVﬃ-K"Fw
ds
dχ
=
√
dx
dχ
2
+
dy
dχ
2
<9 ZND ?#:-'2K()
(χi + χi+1)/2
ﬂ*-ﬃ!6/[ﬃﬂ(F/ ﬃK ?'s	:#:'h()'h!-I	ﬂ
[xi,xi+1]
6
-ﬂf-N? ?ﬂ2JC*ﬃky#&% -ND ﬃ#'2 ?!:ﬃﬂf()'f/[#mOﬂ 
	-ﬂqﬁ/[ﬂ,ﬀ6ﬀ1*:-ﬂf/*#:'2ﬀ/*!ﬁ.6;9-6!
/*ﬃ/*-!r/[-	ﬁU(c% N,!#:ﬂ2J ?1*:#:a-ﬂ2-ﬃﬂ,!- XNﬃZ#&%  ﬃ12ﬁ.!!Fﬁ'*NO#:Iﬂ*
&\5;=I;82;vtﬂﬁv;
0.0099 0.00995 0.01 0.01005 0.0101
−0.0001
−5e−05
0
5e−05
0.0001
r
z
 ﬀ
*;tO;:w) / ﬁ %  ﬁ %ﬁ  ﬁ ﬀﬂ ﬀﬂ % ﬁ +ﬂﬀ  'ﬂ .ﬃ/2%&%   	'  - /ﬂ      ﬀﬂﬁ 
 /2%  ﬁ %   
 .  . / $  '  . / ﬁ %   
ﬀﬂ 
   . ﬀﬂ ﬁ  '$ !&/2% 
 ﬁ"/2%   .  ﬁ %   . / ﬁ %  ﬁﬃ    $%
 ﬁ  ﬁﬃﬀ% 	 . ﬀ  ﬀ2#   ﬀ$- 
χ
4
0- ﬃ#:-'*#.ﬂ()ﬂ20ﬁK-][v!'2^/[ﬃ'*
rp = 0.01R
 N0-Kﬂ*ﬃ'*N ?'Z/ ?J ?	ﬁi
!J ?Iﬃ;<9 ﬀ	ﬁC*)()H	U ﬃﬂ2+,'*Aﬂ2ﬁﬃH()0J ?1*:#:aA/['*-AI-ﬂ*A(*H/*!1*#:3-	ﬃk-0+'2
/[-')ﬁ-!A ?6!:1*'*H"ﬀ#&% :	/*!ﬁ.6:ﬃﬂ$6'*\#:H- ﬃ#:-'*#()\ﬂ,!-I ﬃ#-;ﬃ<b K_2I'*G*; #E-/*ﬁi
6ﬂH+,'*-#.+,'*@/*!ﬃ_2#.>ﬃ1)-ﬂO'2-;,<@% -Nﬃﬃ#:')ﬂU()A#: B!'*657 ﬁ6	1*#:1 ?'2-ﬃ'*/U ﬃ')e
$^
     
$	 	  C	 1 8
!'*# DJ\ﬂ,'2	!.+,'*1)!ﬂ,'2/2 ﬃ 	0Iﬃ'ﬃHﬁ \!,6/[!-6!Q x0xj;O<c'*5lﬃ	'*#: ?!:ﬃﬂ$
	ﬃ:ﬂ2^I-ﬂ* ﬃ#E+,'*E#. 
ﬂ 
?!ﬃk)/*'2:+,'*E#:-'*A(*ﬃ	U ?:ﬂ*ﬀ()ﬀ ?#.ﬁ'*#4A#:	aB"
#. -ﬂ*
)ﬁ'*/[@/ ?b#1[ﬃ'*!#-;<@% ﬃ1 va5()ﬂ*?!\ﬁ'2()6=(c% -!'2():-=#:()Nﬃ-#:ﬃ/*/[	ﬂ
()'S1['*!-#:ﬁA6'*/*#:'2!:-'*J() ﬃ()-;
0.0099 0.01 0.0101
−0.0001
0
0.0001
ﬁﬀ
*; #*;:w8) 0/=4    

ﬁ !'$ 	ﬀ !ﬀ 
  ﬁ!0  ﬀﬂ . / ﬁ %  '  $/2% 
 ﬁ"/2% '$ '$ - /ﬂ  $4
ﬁ!!Hﬂ*ﬃ'2Nﬃ-#:#5lﬃ	'*#. DﬂU()N,J ?@/[!	-6!H()A!J ?!\()@J ?/*/[6J>(4% JC*#ai
#:^1*:-ﬂS!'*/[-:-'*Jx"
104
;*<9K/*ﬃ12#3	E	 '*^-ﬂﬁﬃﬂ,!0#:ﬃJ^()Eﬂ*6:	'*#. Dﬂ2
ﬀ#::U ?'f#.! ﬃIﬃ+,'*&kc#ﬂq()'f/[ﬂ,B() ﬂ2vﬂq()ﬀ(*-')ehIﬃ')6k4()-5lﬃ	
!3
!-ﬂ2!:1*#	-ﬂA#. 6'2657 ﬁﬃ;
 \t
  
	' '@M' 	 	   
J 
 @ 	
 
'%	   
$"#
      
D
 ?ﬂ2@ﬁﬁ!!A!-ﬃﬂ2()/2 ?!!:ﬃk?'*ﬂ*	ﬁC*)():ﬂ-IﬃJ ?#: KﬁA()ﬁ!ﬃkﬃ+,'**/[-	ﬁ\()
!6'2()!U()Bﬁ'*#	-ﬂJﬀ/[?-ﬂ:-#.ﬀ-ﬂq/2!6ﬂ2ﬁU(4% '*ﬂ*Z!'*!57 ﬃﬁU#:1*ﬃ;
~
-#:#
+,'c% -#:#:Kﬁaﬃk*ﬁ-6K5lﬃ	'*#. DﬂF-%  ?/*/2#.+,'*E"()!'*!57 ﬃ-5l-	-;
¨
#4/[,i
!12#A()	)()#.!->#&% :	/2 ﬃﬁ\(4% '2ﬂ*Iﬃ')!!!'*@'*ﬂ*A!'*!57 ﬃﬁ^COm)()!/*C*ﬃ1[kD	Dmﬃ-ﬂ2ﬂ2 ?ﬂ,
#&% ﬂ,!)()'2v:ﬃﬂ(* ﬃﬂ2=#&% +,'2 D:ﬃﬂ() x-ﬂ*ﬃ'*#:#:dkD(c% '*ﬂ2x5lﬃJﬁx-/*!-ﬂ, ?ﬂ,`#!ﬃ#::(); 0
/*#:'2kXﬁ-6	ﬁ!C2)()x ?')ﬃ.6@'2ﬂ*xﬁ6J ?:ﬂ*\#:1[-!!x(* ?ﬂ9#. A	U ?ﬂ23!()x().6!1*'2-b#:
/[ﬂ,^!'*x#. 6'2657 ﬃ-ﬃ;)GAﬂ*ﬀ():6!:1*')!:ﬃﬂrﬂ*ﬂZ'2ﬂ*a5l!	K/[-	ﬁ ?#:ﬃJ(c% -!'2():-kO/ ?
-eO	/*#k4#. Sﬁ, ?#:ﬁ-ﬂﬁ(*U()-'*ehIﬃﬃ'*6!E-ﬂq ﬃ/! ﬃﬂ-'*ky/*C*ﬂ*ﬃ	3-ﬂ2/*!-ﬂJ ?ﬂ,
()')erJC*-#:#:!/2 ?!. ?#:3()][!ﬂ-;
H@ ﬃ	-#: ?!:ﬃﬂ2=:	/[ﬃ! ?ﬂ,!`/['*Nﬃ-ﬂ, -!A ?/*/[6->"E#. E	-!C*)(*ﬃkﬃﬃ'*NOJ ?ﬂ,
 ﬃﬂ2!c()^/[!/[ﬁ!:Nﬃ6'*A(*-')erﬁ'2()ﬀw
<\%  (* ?/)J Dﬂ (*T#: 	ﬁC*)()s ﬃ')eR/*ﬃ1*#:3-	$/[ﬃ'*Z#!+,'*#:$#: !'*657 ﬁM
'*Nﬃ-!! d6'2657 ﬁK/2#: ﬃﬂ*ﬀ ?'F!/[^"#d% ﬂ*_2ﬂ*ﬁ^()-NOJ ?^/[-	ﬁ!!E(4% ﬁ'2():-Hﬁ6i
J ?:ﬂ*@6:ﬂ*I'*#: ﬃ!!` ?')e
ﬂ,!657 ﬁkD-ﬂ-ﬃ'*#:-	-ﬂ,>/[ﬃ!-ﬂ,!:-#.; 0-')e/[6:1*:#i
=% ?]y!ﬂ`"Aﬂ*'2wX!ﬃ=!-5Y!	
'*#9#. H	-!C**():ﬂ!IﬃJ ?#:\/[ﬃ'*='*ﬂ#::+,'*.()x ﬃ'
-/[,"#&% ﬂ)_ﬂ*dk*!ﬃx:ﬂ2ﬁ#:'*!E(* ?ﬂ#::ﬂ-I ﬃ#\#. 
ﬁﬂ!:1*')!:ﬃﬂr(*x1[ﬃJ(*ﬁ
()'U5lﬃﬂ2($(4% '2ﬂUﬁ:/*:-ﬂ,67-m,#::ﬂ2():+,'*ﬁv;<b ﬀ!-ﬃﬂ2()A/[6:1*:#!H!-	1*#:A/*#:'2@:ﬂ)i
-! ﬃﬂ!/*'*.!+,'c% -#:#:/[!	ﬁkXﬂ*?J ?		-ﬂkX#d% ﬁ'2()^()x#&% 	/2 v>(4% '2ﬂ*xIﬃ')6
!'*'*ﬂ*E_#	}	:ﬂ2ﬁ;
<b FIﬃﬂ*-J ?#:: D!:ﬃﬂf()'q ?zUﬂ*-	-ﬂ,ﬀ#:)- ﬃ#>-12 ﬃ'2C2-U"F#. r_ﬂ()'C2 ﬃ/*!/*!-i
-()ﬂ;`p@ﬂgﬁ5l!	'2#: ﬃﬂ
#:ﬂ-/[ﬃ#. Dﬂ2()r	U ﬃﬂ*3!Z#:)- ﬃ#kbﬁﬂ*ﬂ/*#:'2
I#12 ?#:^ﬁﬃ		^#:=5lﬃﬂv!:ﬃﬂ>6/2#:ﬂ*>#d% 	/*#:.+,'*-ﬂk?ﬂ(*-NO ﬃa>/[ﬃ'*Nﬃ= ﬃa-
()ﬀ/*!1*#:3-	K57 ?. ?ﬂB:ﬂ!!Nﬃﬂ*:B()ﬀJC*##:B6/ D!. ?#:EJ ﬃ().- ﬃ#	ﬂB()][-i
-ﬂ,!;
xﬂ6'*Nﬃ-ﬂ,k#:9ﬁ'*#	-ﬂJ9/[?-ﬂ,!:-#.9-3-#:-ﬂ=(*9:JC*!!4C*-!.+,'*b ?')eOi
+,'*##:#\+,'2 Dﬂ2()KLH XN,:-!iP,!Qﬃ@ﬂ*K()ﬃﬂ2ﬂ*-ﬂ^/2 ﬃ --3;<9A57 ﬃax		K+,'c% :#:
!ﬃ:-ﬂ,ﬂ!:3--	ﬂH()-!-	:ﬂ*/2 ﬃ#: Uﬁﬂ*ﬂ2 ?.! ﬃﬂ2ﬁE(4% '*ﬂ*E5lﬂ2vﬂS!'*A#'*ﬂ,Nﬃ-i
#:ﬃ/*/[ﬀ-ﬂFA'*ﬂ*;[0% A#&% '*ﬂ*B()^	ﬃ!:ND Dﬂ2x/2!:ﬂ2ﬁ:/2 ﬃ#^()BﬁﬀIﬃﬂ*!ﬀ(4% ﬁ!'()ﬃ;
 '
M% J 
^u$%
 
           a   n| 
C
A	-	ﬃ:!6ﬁﬃﬂ! ﬁ^"E#&% -!'2(*H()A/*#'6:-'*J`mO/[\(4% ﬁ'*#	-ﬂJ@(*^82'2:()
ﬂT/*!-ﬂ2ﬁ
(4% '*ﬂ*6'2657 ﬁB#:12!-K()	ﬂ*H/2 ?0#. -ﬂ2!:ﬃﬂs()
!'*!57 ﬃ-ﬃ;@!:ﬂ)i
-/2 ﬃ#	-ﬂH()')eZmO/[()ﬀ/*ﬃ1*#:3-	!ﬃﬂH ?1[()0w
<\% ﬁ#. D!	-ﬂ
(4% '*ﬂ*$1*'*#:#Z"S#: M!'*657 ﬁU(c% '*ﬂ#::+,'*.()Uﬁ'2():ﬃk9-ﬂ/*!ﬂ2 ?ﬂ,
ﬂSﬁ	/)!ﬀ#^-][ﬁJNO:+,'*-'*ey;
 0-')eF	-!C**()(4% :ﬂ-IﬃJ ?#:^(*K5lﬃﬂ3!^!ﬃﬂA(*ﬁ ﬃ#:#:-;*<9 /*-	:3-K/[-!i
	ﬁA()K!6'2()A#:x-ﬃ'*#:-	-ﬂ,x/*#. ?ﬂ2k,/[!:)().+,'*-ﬂr!/2 ﬃﬁ;OGAﬂ*0C*-!:
/[!	ﬁ! ﬃﬂH()E/*-ﬂ()!E-ﬂMﬁ	/)E#:x57 ﬃ12#^ﬁ]yﬁJNO:+,'*-')erAﬁe)/*#:.+'2-ﬃ;
<b E6ﬁﬃﬂ()x/[!	-@()^!J ?!`#:>/*ﬃ1*#:3-	>(4% ﬁ'*#:-	-ﬂ,@ De)ij!mO	-!:+,'*-;
p\##:E6 ?/*/2#.+,'*-E ?'F- x()E#: ﬁ, ?#:ﬁﬂ2ﬁ0(*E()')e$Iﬃ')!!ﬂF ?/[ ?ﬂ,!'*;
<@% ﬁe).-ﬂ2->/[?!ﬂ##:\()\6:ﬂ*I'*#: ﬃ!!yIﬃﬃ	ﬁ!.+,'*4"#: !'*!57 ﬃﬁ>#:1*>'2ﬂ*a_\ﬁ
()')eﬀﬁ'2(); H')eEmO/[b()x6:ﬂ*Iﬃ'*#. ﬃ!!c(*\#d% +,'2 ?!:ﬃﬂ() x-ﬂ*'*##:!ﬃﬂ,b/*!-ﬂ;
<b $/2!	:3-E#:-"$#. Zﬂ2 ﬃ:! ﬃﬂ2ﬁ
(4% '*ﬂ ﬁﬀ"Z'*ﬂ2
:ﬂ-!57 ﬃﬁk[#&%  ﬃ')!
%  ?/*/2 ﬃ!ﬂ
 ﬃ')eZ:ﬂ26 ?ﬂ,Aﬁ'*6J^(*E#. ﬁ, ?#:ﬁ-ﬂﬁE()ﬀ(*-')erIﬃ')!!;
0 ﬃﬂ29#. A/*-	3!\/2 ?!!:ﬃk:#,6b	ﬂ!+,'*\#&% ﬁ#. D-	-ﬂ,=(4% '*ﬂ*1*'2##:x"A#: H!'*657 ﬁ
/[')()ﬃﬂ2ﬂ*-x#:'r"'*ﬂ*E!ﬂ2Iﬃ'*#. ?a0()Eﬁﬃ'*1*'*ﬃ;O<9 
6'2657 ﬁﬃk,#:ﬃ:ﬂr()0#. 
!ﬂ*I'*#. ?a
0 ﬃ#Aﬁﬂ*:+,'*;yB/*C*-ﬂ2ﬃ	3-ﬂ* ﬃ/*/2 ﬃ DW:A/[ﬃ'*0ﬁ6J ?:ﬂ*N? ?#:-'*JA()'Mﬂ*	1*!()
	0C*ﬂ2!ﬃIﬃﬃk!/*!6ﬂ ?!5\()#d% :	/[6J ?ﬂ2--#. D!:Nﬃ
(*H5l-HNO.!+,'*'2!H-E(*
#. 
-ﬂ2!ﬂ
()^!'*657 ﬁﬃ;X<b HND ﬃ#'*=()^-ﬂ*	1*!x(*ﬁ!!	:ﬂ*xﬃ'ﬂ*ﬂ#&% -eO.6!-ﬂﬁx()x#. 0!ﬂ)i
I'*#: ﬃ!ﬃ;	0k*ﬂ*ﬃ'2A XNﬃﬂ2^	ﬃﬂ!B+,'*ﬁﬁ!!!ﬂ*I'*#. ?aE/[ﬃ'*N? ? -!B()-!!ﬀIVﬁ
"q'2ﬂ*M!C*ﬃM/[ﬃ!-ﬂ,!:-#:#:ﬃ;xPOH#&% ﬃﬂJC*-JJC2 ?Z"()ﬁS#&% ﬁ'*#	-ﬂr()T	U ?ﬂ23!
I#12 ?#: Nﬃ'2ﬂ*!-'2#	-!C*)(*ﬂO'*	-:+,'*ky:#`57 ?'2()J ?ﬀ().6/[,6E(4% '*ﬂ*	ﬁC*)()
/[!	ﬁ! ﬃﬂK()!6'2()E#:H+,'2 D:ﬃﬂ2H()
LH XN,:-!iP,!QﬃA"U'*ﬂ*JC*-#:#: ?1*!J ?:!-i
	-ﬂ,B/[-!!;9<9ﬀ	-!C**()B ﬃﬁ!'*##:ﬀﬂ*U/[-	ﬁ!!-ﬂ,B/2 ﬀﬁUI-ﬂ*(*U ?#.ﬁ'*#&; 	0ﬂ
/[')Z()ﬃﬂ2F:	U ?Iﬃ:ﬂ*'*!:#.!-$ﬁﬂ ﬃ:ﬂ-	-ﬂ,U#:U(*-')e	ﬁ!C**()U ?e)ai6mO	ﬁ!.+,'*
()ﬁaA(* ?ﬂ-ﬀ	-	ﬃ:!;
¨
#96!')H"57 ?A ﬃ#.ﬀ()ﬀ!ﬃ'2()K#:+' D!:ﬂ2()
L0 NO:-!iP,ﬃQﬃ '2!+,'c% "#: #:	aﬀ()ﬀND ?#:.()aE()ﬀ-ﬁ!!K5l!	'2#: ?!:ﬃﬂ l#:ﬃJ!+,'*K#:^/*#:'2
/[-!!C2-#:# D!!-:Iﬃﬂ2-ﬂx#: ﬀJ ?:##:0()K+,'*-#.+,'*\	U ?:#:#.ﬁ k/*'2::ﬂ*a: ﬃ#.!-'*ﬂr- ?#.ﬁ'2#
/[ﬃ!-ﬂ,!:-#9 XNﬃK#^NO!!!^ﬃ1)-ﬂO'*A6'*#. !'*!57 ﬃﬁ;
0 ﬃﬂ2x#: 
!-ﬃﬂ2(*H/ ?!!:K()Eﬁ0		ﬃkO#: 
- ﬃ#6ﬂ2ﬁ0()E()')e$Iﬃ')6ﬂr ﬃ/[ﬁi
 ?ﬂ,!-'20Eﬁ!'2(* ﬃ')eM:ﬂ2J ?ﬂ,K-ﬃ'*!;4-6-ﬃﬂ)_2I'*J D!:ﬂM/*!6ﬂ!
ﬂ2 ?!'*-#:#:ﬁi
	-ﬂ,>'*ﬂ*^!:ﬂ*Iﬃ'*#. ?!x()^ﬁ'*1*'*ﬃk/*'*.!+,'*x#. 0/[ﬃﬂ>#.+,'*:(*x!#. ?ﬂ,=#:`()')eIﬃﬃ'*6!
/[,!!3()'2ﬂ*Hﬁ'*1*'*x!3>I ﬃﬂ2()A"E#&% :ﬂ26 ﬃﬂ!'*:ND ﬃﬂ\#H-ﬃﬂJ ﬃﬁ;GAﬂ*A5lﬃ.\()A/*#:'2k
:#bﬂc% 6H/2 Hﬁ#. ?:H+,'*#Aﬁ]yﬁJHNO:+,'*-'*eFﬂ* '*-ﬂ,K ?'2-'*ﬂM
ﬃ#:ﬃ;2p@ﬂTﬁ]yﬁk[(4%  ?')
-!'2()@ﬂ\-!A	-ﬂ2-6'*\#:H6' -6	ﬃt&k,+,'*!'*/*/[,6ﬂ+,'*A#d% -ﬃ'*#:-	ﬂ\()ﬁa
/2 ﬃU#:U+,'2 ?!:ﬃﬂ2U()sPO!ﬃQ-;xﬁ!!TC,mO/[?C*3!M()ﬂ*ﬂ*M'*ﬂ*M:	/[ﬃ! ﬃﬂ2ﬁS	U -'*
\u
 +
  VJ  (
 
@ 
 
8  '
 ?')eh-][-()U#. SNO:ﬁ,6!;
¨
#\!-J ?B()ﬃﬂ '():-')eq()$!6'2()#ﬀ+,'2 ?!:ﬃﬂ2B()
LH XNO6iP,!Qﬃx(* ?ﬂx'*ﬂ*E-Iﬃ:ﬃﬂZﬂ*ﬀﬁ	/*-ﬂ ?ﬂ+,'*K#. ﬃﬂ*E()ﬀﬁ, ?#:ﬁ-ﬂﬁﬃ;*-6!
ﬁ'2()E/[,!!:1*#(2 ?ﬂ2K#: r	!'*!s#&% JC*-#:#()KIﬃ')60ﬂ9% :ﬂ-N,:-ﬂ,E/*#:'2;9
m,/[0()0- ﬃ#:-'*#2/[!	ﬁ!!J ?()0+,'2 ?ﬂ,!_2-\#&% 	/[ﬃ! ﬃﬂ2ﬁA-#. D!:NﬃA(*\ﬁ]yﬁN,.+'2-')e
ﬁA:ﬂ*-!!:-#.-;
K ?ﬂ#r ﬃ
()Z#&% ﬁ#. D-	-ﬂ,()Z#. T1*'*#:#kb#&%  ?ﬂ*I#Z(*'g 
ﬂ*Z!$'*ﬂ/2!1*#3	
ﬃ'*Nﬃ6;
¨
#x%  Nﬃ3!Z()ﬃﬂ2Zﬂ*ﬁ! ?:$()Z57 ?:!Z'*ﬂ*rﬁ'2()F ﬃ!mO	/)!ﬃ!.+'2$/*-:!Z()
+,'2 ?!:ﬃﬂ2BIﬃ'*Nﬃ!ﬂ ?ﬂ#: s6:ﬂ*I'*#: ﬃ!!kb(* ?ﬂ2#:Z1*')()r()-!!	:ﬂ*-ﬁ- ?ﬂ*I#$-
#:
m,/[F(4% -ﬃ'*#:-	-ﬂ,+'2Z#&% ﬂg()aﬃ12!-Nﬃ-#:ﬃ:ﬂg()r#: h6:ﬂ*Iﬃ'2#: ﬃ!!;
¨
#x6/[6:1*#:
+,'*
ﬁ-K ?ﬂ2Iﬃ#:6a0:	/[!ﬃk[ﬁ		#:
6'2IﬃIﬃ3!ﬂ [ﬁ]qﬁ ﬀﬂ5 !$!8jk'M12ﬂs+,'c% #`6a
'*ﬂ*Bﬁﬂ2()!:ﬃﬂS"#. #:	!B()^+' D!:ﬃﬂ^(* ﬃﬂ2^#&% 6/2 ﬁﬀ ?')?i6:	#. ?:ﬃ;
<9+,'2 ?!:ﬃﬂ2
(* ?ﬂ#d% !/2 ﬃ-Z()ND ﬃ!. ?12#B ?')?i6:	#. ?:ﬀ-ﬂ,
-I, ?#:-	-ﬂ
"$!ﬃ'2()ﬃ;<b $	ﬁ!C2)()
ﬂ,!-I ﬃ#
 De)ij!mO	-!:+,'*B6K/2 ?!57 ?!	ﬂE ﬃ(* ﬃ/)!-"Zﬁ
Iﬃﬂ*!ﬀ()E/2!1*#3	;Op\ﬂSﬁ]yﬁk(* ?ﬂﬁ+,'2 ?!:ﬃﬂ2kO'*ﬂ2ﬀ(*A()-')er:ﬂ2ﬁﬂ*ﬂ,'*^A#: 
5lﬃﬂ2ﬁ!:ﬃﬂ
g
k,C2 ﬃ!	ﬃﬂ2:+,'*;<\% ﬁa'*H(c% '*ﬂ20+,'2 ?!:ﬃﬂ$:ﬂ!IﬃJ ?#:H()x(*ﬃﬂ2H/[-	-6!
()Z(*ﬁ!!	:ﬂ*-
!()!:Nﬃ-ﬀ (). ?#:-#:ﬃﬂ*Ia'2():ﬂ2 ?#:ﬃ;b<cZ!m)6!3-	Z(4% +,'2 Dﬂ2Bﬂ*
ﬁ	/[6J ?ﬂ,Z/2 ﬃr(*h()!:Nﬃ-U!	/[ﬃ-#:#-k#KF/[6:1*#:s(4% :ﬂ!)()'2s(2 ?ﬂ2r-
+,'2 ?!:ﬃﬂ2U'*ﬂ*h()mOﬂ2 ?	.+'2T ?!!_-##:ﬃk@/[!	ﬁ! ﬃﬂr()T#:$!6'2()M()T#: 	 	
	U ?ﬂ*:3-Z+,'*Z#r!m)3-	Z(4% +,'2 ?!:ﬃﬂ2(*Z#: M!C*ﬃ$/[ﬃ!ﬂ!:-#:#:ﬃ;=<b M!ﬃ#:')!:ﬃﬂ()
!##:x+' D!:ﬃﬂ-ﬃﬂ2()'2J ?^"'*ﬂ*E!ﬃ#:')!:ﬃﬂr6 ?!:ﬃﬂ*ﬂ2 ﬃ:!ﬃkO6#'*!:ﬃﬂZ'*ﬂ*:Nﬃ-J6##:K()K#: 
6:ﬂ*I'*#: ﬃ!^ﬁﬃﬂ2:+,'*;ﬁ!!ﬁ'2()ﬂc%  "Kﬂ*ﬃ!^-ﬃﬂ*ﬂ2 ﬃ.! ?ﬂ2-  6 ?	U ﬃ:`-!ﬁ]yv'*-
()ﬀ	 ﬃﬂ*:3-E()- ﬃ#:#:-ﬃ;
p\ﬂ)_2ﬂck4#: Z!ﬃ#:')!:ﬃﬂs()K+,'2 ?!:ﬃﬂ2K ?')?i6:	#. ?:!H()ﬃK-I, ?#:-	-ﬂ,K-ﬃﬂ2()'2
"
#: E6#:')!:ﬃﬂ()'/*ﬃ1*#:3-	^ ﬃ')eﬂ26 ﬃﬂJ>ﬁﬃ'*!J= ﬃ/*3=#: 05lﬃ	 ?!:ﬃﬂ()' ﬁ;PO)#&% ﬁﬃ'2#-i
	-ﬂ`6`6:ﬂ*Iﬃ'2#:-= XND ?ﬂ,b#: Hﬂ2 ?.! ?ﬂﬁ\()' -kX#)()ﬃb#&% ﬁ! ﬃ'26, ﬃ/*3;<9 0()a]y--ﬂﬁ
-ﬂ,!0#:^(*-')er6:ﬂ*Iﬃ'2#: ﬃ!!!-	1*#:KNﬃ-ﬂ2()K#. N? ?#:-'*^ ﬃ(*ﬃ/)-0/['*x#&% ﬃJ()ﬃﬂ*ﬂ*0(*'
/[ﬃ:ﬂ`6@!ﬃ'2ND ?ﬂ,b6'*b#&%  ?e)\()!mO	ﬁ!:\(* ﬃﬂ29#d% !/2 ﬃ-\()bND ?. ?1*#:c ﬃ')!ﬃij!:	:#. ?:!-;
<b f	-!C**()S:ﬂ-I ﬃ#F/['*U#:ﬁﬃ'2#	ﬂJ/*#. ?ﬂ2U/[-)(*:+,'*()N,J ?U/[-!i
	ﬁ6!B()E6'2()K()A6:ﬂ*Iﬃ'*#. ﬃ!!x ?ﬂ ?#:ﬃIﬃ'2-;26:ﬂ*I'*#: ﬃ!!x ﬃ/*/2 ?J ?.6-ﬂ,xﬂ*?i
 ﬃ		ﬂx#\(*H#&% :	/2 ﬃﬁx(4% '*ﬂ*0ND ?I'*H6'*'*ﬂZ	'*Nﬃ-!!.- ﬃ#d;H@C*-!:@ﬂx() 6"
ﬁ/*!6ﬂ-K!'*E-!' -   %jk4+,'*`/*!-ﬂ-ﬂ,E#/*C*ﬂ*ﬃ	3-ﬂ2-ﬃ		
- ?ﬂ,ﬀ6:ﬂ)i
Iﬃ'*#::-kcﬁ$+'2@ﬂ2-a$"SJC*-JC2-B()B!ﬃ#:')!:ﬃﬂ2ﬀ ﬃ')!ﬃij!:	:#. ?:!K()'q/*ﬃ1*#:3-	;c<c
()#d% 	/2 vk2'2ﬂ -0Nﬃ-!!.- ﬃ#9!ﬀ5lﬃ	B-H/[')K%  ﬃ/*/2 ?-ﬂ,!-H ﬃ' -0ﬃ12!-Nﬃﬀ#H()
#d% -#: ?!	ﬂ`(4% '*ﬂ*x1*'*#:#^"A#. H!'*657 ﬁﬃ;
¨
#,ﬂ*x6 ﬃab/2 9-!ﬃﬂ2ﬂ2 ?ﬂ`+,'*#&% ﬂBﬃ1):-ﬂ*ﬂ*#:
	-	0mO/ﬀ()E6#'*!:ﬃﬂ2x ﬃ')!ﬃij!	:#. ?:!+,'*E(* ?ﬂ#:E- ﬃ^ De)ij!mO	-!:+,'*;HE/*#:'2-k
#: U/[!:)().ﬁ!Bﬂc% 6H/ ﬃA'*ﬂ*C,mO/[ﬃ!C*36Bﬂ*ﬁ ?:!B"U#: 5l!	'*#. DﬂM()'T/*ﬃ1*#:3-	ﬃ;
	0ﬂ/[-'*k=/ ?
ﬁe)	/2#k=!'*/*/[,6
+,'*r#
(*-')e1[(*Nﬃ6: ?')e()'()	 ﬃﬂ2r()
- ﬃ#:-'*#c!ﬃﬂH()/2 ?ﬃ.kO#d% '*ﬂ*E_*e)ﬃk*#&%  ﬃ')!ﬀ6B()-/*#. 
 ?ﬂ;
^u0u
   
	  		 ﬀﬁ
ﬃﬂ	!  "#	$%&'  (
)&	*,+- 
.0/21436587:9;5<>=?<@736AB3DC?3DEF/0/GHC;/25;5;IJ3J<KEF=0L41M5NC?G>1PO89;3J<
(r, ϕ, z) Q
<><>/?E61MISR9;5TGH3-/[3JG>3
E
Q
G>7>IJ<>14365
(O, x, y, z)
3F7
S
9;5U3V<>9;G65
Q
EF3C?3GHI6W2/LM9;7>14/25
Q
9?7>/9;GDC?3LYX
Q[Z
3
Oz \
.0/21M7J]
IJ^
Q
L436AB3J57J]?9;5;3
Q
1N<>E614<H<_3`EF9;GHW01ML41M^5;3`C?IJEFGH14W
Q
587aEF3F7>7>3:<>9;G!5
Q
EF3`C
Q
5U<bL43E/;L
Q
5
(0, x, z) \
r
r
s
s
O
O
x
x
y
zz
n
ϕ
M(r, ϕ, z) R2
Rs
cedgf%hji
\Mk\Mlnmno[p?q6r6p?q>sutv p?wjsyxzp?q|{~}HsBt2sq>F[o[p?|owj
Ł
Q
EF/9;G1;9;G>3yL4/?E
Q
L43C?3uL
Q
<>9;G!5
Q
EF33J<_7IJ^
Q
LM3RLYX /ﬃ/*/j/8<_IuC?3L
Q
C?14W236GH^23J5UEF3<>9;GL
Q
<>9;G!5
Q
EF3:C?3:L
Q
5;/G>A
Q
LM3B|3
Z
7HI6G>14369UG>3:C
Q
5U<aLM3yE
Q
<x/UG>I<_36587z
l
κ = −∇s · n
k
 
		ﬀﬁ	ﬂﬃ! "#%$'&(	)*)+,-/.(0ﬃ"
/21LX /25C;I3U5;1M7 L43`^G
Q
C?143657 <_9UGaL
Q
<>9;G!5
Q
EF3:EF/ASAB3
l
∇s = t ∂
∂s
+ eθ
1
r
∂
∂θ
Ł
Q
7
Q
5U^236587>3`367 L
Q
5;/G>A
Q
L43`<JX IEFGH1MW23J57
l
t =
1√
r′2 + z′2
(
r′
z′
)
n =
1√
r′2 + z′2
(−z′
r′
)

i
\4k

45
Q
C;/25UE`RBE
Q
LPEF9;L436GaLM3ﬀ/;GH/?C?9;1M7 <HE
Q
L
Q
14GH3
l
κ(s) = −(t ∂
∂s
+ eθ
1
r
∂
∂θ
) · (nrer + nzez)
O89;1<>3:<_14A/;L4153U3:3J5
l
κ(s) = −(tr ∂nr
∂s
+ tz
∂nz
∂s
)− nr
r

i
\ 

Ł
3H/;GH36AB1436G 7>3JG>AB3KEF/2GHGH3J<!/j/25UCBRyL
Q
EF/9;G1;9;GH3 C
Q
5N< L43H/;L
Q
5
(er, ez)
3F7e<JX 3
Z
/UG>14AB3
3U5
Q
LM3JAS3J57
l
1
R1
=
r′z′′ − r′′z′
r′2 + z′2

i
\ 

Ł
3,<_3EF/5UCT7>3JG>AB3,E6/2GHG>3<6/j/25UC'RVLYX 1M50W236Gz<_3#C;9ﬀG
Q
=2/5'C?3,L
Q
<!/ 6*36GH37
Q
5U^236587>3
Q
9
/j/21457
M
3F7
Q
=
Q
57 <>/25EF36587>GH3:<>9;GaLX
Q[Z
3:C?3y<_=0ABIF7HG>14387?14L<6X IJE6G>1M793U5
Q
L436AB3J57
l
1
R2
=
z′
r
√
r′2 + z′2

i
\ :

Ł
Q
EF/29UG!1;9;GH3
Q
LM^I-1;GH14O89;3`C?3:L
Q
<_9;G!5
Q
E63
Q
9F/N/1M587
M
<JX IEFGH17 C;/25UE
l
κ(s) =
r′z′′ − r′′z′
r′2 + z′2
+
z′
r
√
r′2 + z′2

i
\<;

=%367_7H35g/G>A9UL
Q
7>14/255X I67
Q
587 W
Q
L
Q
1ULM3bO89;3eLM/GH<HO89;3
r
3J<_7 5;/5u589;LY][14LO5
Q
9?7 L
Q
AB/?C?1>3U36G
/j/29;G7HG>/9;W236GL
Q
EF/9;G!1U9;G>3#C;3#L
Q
<_9;G!5
Q
E63
Q
9
Z
/j/21457z<uCX 1457H36Gz<_3JEF7>14/25
Q
W23JEDLYX
Q[Z
3,C?3
<_=0ABIF7HG>143
\/?Q
5U<eE63`E
Q
<6]0L
Q
EF/29;G1;9;GH30/;L
Q
5;3`5;3K/j/8<_3K/
Q
<eC;3K/;GH/ﬃ1;L:36AB38703J5,GH36W
Q
5UE'6U32]
1ML5
Q
9?7IJEFGH14G>39;5 C?IJW236L4/ﬃ/*/j3JAS3J57DL41MAB1M7>I
z′(s) Q
9;7>/29UGDC?3
s = 0
/j/29;GD/ﬃ1?7H365;14GBL
Q
W
Q
LM3J9;GaC?9V<>3JEF/5UC#7>36GHAB3:C?3yEF/9;G!1U9;G>3`<>9;GaLYX
Q[Z
3`C;3:<>=0ASI67>GH1M3
l
z′(s¿ 1) = z′(0) + sz′′(0) + o(s2)  i \ @ 
Ł
Q
<>9;G!5
Q
E63SGH365UEF/57HG
Q
57E/j36G/j365UC;14E69;L
Q
1MGH36AB3J57:LX
Q[Z
3DC?3D<>=0ABIF7>GH1432]
z′(0) = 0
3F7
r′(0) = 1
7;/25
Q
C?/5UE
l
lim
s→0
z′(s)
s
= z′′(0)

i
\BA

?
3U/;LM9N<6]
s ∼ r 3J5DC6IJG>/N]EF3DO89;1 EF/5UC?9;1M7J] Q /UG!3<`<_14A/;L4153NE Q 7H1M/5U<6]ﬁRL Q EF/29;G1;9;GH3
7>/27
Q
LM3:C?3:L
Q
<_9;G!5
Q
E63`<>9;GaLYX
QZ
3`C?3y<>=8ABI67>GH1M3
l
κ(0) = 2z′′(0)

i
\ E

k:
45
7>GH/29;W23L
Q
A 6AB31PC?3657H1M7>I
Q
W23JE,9;5 <_14^25;3 − /j/29;GBLYX Q 9?7>GH33 Z 7>GHI6AB1M7>IC?3L Q
E6/29;G1j3KGH365UE6/2587>G
Q
57aLX
Q[Z
3:C?3y<_=0ABIF7HG>143
(z′ = 0, r′ = −1) \
.01 L
Q
<_9;G!5
Q
E633<@7,C?IJE6G>1M7>3]n5;/5 /;L49U<$/
Q
G
(r(s), z(s))
] A
Q
1P<U/
Q
G
z = h(r)
]%E63
O89;1 3J<_7LM3uE
Q
<A/N/9;G LYX I67>9UC?3SC?3J<<_/LM9;7>14/25U<
Q
9;7>/ <>1MAB14L
Q
1MGH3J<aC;3yLYX 3 /25UC?GH36AB36587KCX 9U5;3
E
Q
W01M7>I2];L
Q
W
Q
GH1
Q
7>14/25#1453U5U17HIJ<>1MA
Q
L43yCX
Q
1U<HEF1P<><>3`EF9UG>W014LM14^25;3:<6X 3
Z
/;GH14AS3:<>/29U<eL
Q
5g/2GHAS3
l
ds = dr
√
1 + h′2
3
Z
/UG>3<><>1M/5VC?3L
Q
O89;3JLML43y/5M/j3J9?7KC;IJC?9;14GH3yL43J<KC?I6GH1MW2IJ3J<A/;GH36AB1:36GH3y3F7`<_3EF/25NC?3C?3
r
365
5g/5UE~7H1M/5C?3
s l
r′(s) =
1√
1 + h′2
r′′(s) = − h
′h′′
1 + h′2
O89;1`/N3JG>AB367_7>3J57:C?37HG>/9;W236GL43J<KC?I6GH14W2I63J<H/UG>3JAS1:36GH33F7:<_3EF/25NC?3uC?3
z
365T5g/25UEF7>14/25 C?3
s l
z′(s) =
h′√
1 + h′2
z′′(s) =
h′′
1 + h′2
− h
′2h′′
(1 + h′2)2

5VG>3JA/UL
Q6Q
587aE63J<e3
Z
/UG>3<><>1M/5U<eC
Q
5U< EF36L4L43:C?3:L
Q
E6/29;G1;9;GH32]?/25/ﬃ1?7H143657
l
κ(r) =
h′′
(1 + h′2)3/2
+
h′
r
√
1 + h′2

i
\ 	

?
3 A 6AB3 O89;3A/j/9;G L
Q
5g/2GHA9;L
Q
7H1M/5B^2IJ5;I6G
Q
L432]/25U/j369?7%IEFG>14GH3a9;5C?IJW236L4/ﬃ/*/j3JAS3J57
L414AS1M7>I
Q
9?7H/29;G C?3
r = 0
/j/29UG LM3x/j/1M587 <_3e<_1M7>9
Q
57 <>9;G LYX
Q[Z
3bC?3e<_=0ABIF7HG>143%3F7 /25y7HG>/9;W23
l
κ(0) = 2h′′(0)

i
\Mk


k ;
 
		ﬀﬁ	ﬂﬃ! "#%$'&(	)*)+,-/.(0ﬃ"
k @
  ( "D+!	  !
.0/21436587K9U5;3B<_9UG65
Q
EF3
S
365)5g3JG>A
Q
57`9;5 W2/2L49;AB3
Ω
367`9;5h/j/21457
M
3
Z
7HI6GH1M3J9;G`R
Ω
]
CX
Q	BZ
3
ze
-=\5
\

1M^
\\4k

\
Ł
37'6;I6/G!3JAS3,C?3 =
Q
9UE'60=<JX
Q
/*/;L41PO9U3Z/j/29;GuL
Q
5g/5UE~7>14/5
6;/LM/AB/2G/ 6;3
β(z)/(z − ze)
];/21
β(z)
3J<_7aL43E/j/27>36587>1436LE6/2A/;L43
Z
3:C?3`LYX IJEF/9;L436AB3657
l∫
S
β(z)
z − ze dz = 0

K\4k

ε
M
S
Sε
cedgf h
K\Mk\Ml }DS  sSt2s_v  wN q>}MsBsFxzez}[M6p?MzsUo[p?q ε→ 0 
z − ze
3J<_7IJ^
Q
L R
εeiθ
/j/9;G
z ∈ Sε \
.092/*/j/<>/25U<
β
EF/5U<_7
Q
587K<_9UG
Sε
]jLYX 1M587>I6^G
Q
LM3
/j3J9?7
Q
L4/2Gz<e<6X IJE6G>14GH3
l∫
Sε
β(z)
z − ze dz =
∫
Sε
β(ze)
e−iθ
ε
iεeiθdθ = iαeβ(ze)
/21
αe
3J<_7 I6^
Q
L?R
pi
/j/29UG 9;5U3a<>9;G65
Q
EF3bL41P<><>3
\

7
Q
57 C;/25;5;IaO89;3aE63F7>7>3a1M587>I6^G
Q
LM3x/j/8<><!3JC?3
9;5U3%L414AS1M7>3eO89
Q
5UC
ε
7>365UCW23JGH< C6IJG>/N]JLYX 1457HI6^2G
Q
L43%<>9;G
S−Sε
365
/j/<H<63C?3 9;5;3bIJ^
Q
L436AB3J57
367aLYX /25
Q
1;14365
l
iαeβ(ze) +
∫
S−ze
β(z)
z − ze dz = 0

K\ 

/21LX 1M587>IJ^2G
Q
L43`C?/21M7  F7>GH3E/;GH1P<_3
Q
9<>365U< C?3`L
Q
W
Q
LM3J9;G^/UG>145UEF1:/
Q
LM3:C?3 =
Q
9UEﬂ68=
\
k2A
 +)$ 0(  	) ﬀ 
k E
  ( "+ 	 !	 ﬀ
	
ϕ
",	 
"#	$% 
.0/21436587 9;5;3<_9UG65
Q
EF3
S
365)5g3JG>A
Q
57 9;5W2/2L49;AB3
Ω
3F7 9U5U/j/21457
M
1457HI6GH1M3J9;G%R
Ω \
Ł
3
/j/27>36587>1436LC?3J<eW01M7>3<><>3J<
Q
9r/j/1M587
M
<JX 3
Z
/UG>14AB3K365r5g/25NE~7>14/25C?3`L
Q
C?365U<>17HI:C?3:C;1/ LM3<
µ
<>9;GaL
Q
<>9;G65
Q
EF3
l
ϕ(M) = − 1
4pi
∫
S
µ
∂
∂n
(
1
λ
)
dS
-=
\4k

/21
λ
3J<_7aL
Q
C?1P<@7
Q
5UE63`36587>GH3`L43E/j/21457
M
3F7 9;5S/j/21457 C?3:L
Q
<_9;G!5
Q
E63
\
n
ε
M
S
Sε
cedgf%h
=
\4k2\4l}  S  sBt2s_v  wU  2q>}[4sBs~x~ez}[M6p?MHs ;op?q ε→ 0 
45F/N3J9?7 C?IJE6/2A/j/<>36GeLYX 1457HI6^2G
Q
L43K365L
Q
<>/2ABAB3`C;3J<e1457HI6^G
Q
LM3<b<>9;GaL43J<aC?3J9
Z
<_9UG 
5
Q
EF3J<
S
367
Sε \ Sε
3J<_7 9;5;3E
Q
L4/7_7H3y<!/ 6;I6GH1PO9U3yEF3J57>GHI63y365
M \
Ł
Q
W
Q
L4369UG C?3
ϕ
365V9;5
/j/1M587 C;3`L
Q
<_9UG65
Q
EF3K3<@7
Q
L4/2Gz<bI6^
Q
L43`R
l
ϕ(M) = − 1
4pi
lim
ε→0
(∫
Sε
µ
∂
∂n
(
1
λ
)
dS +
∫
S−Sε
µ
∂
∂n
(
1
λ
)
dS
)
45F/j369?7 <>9*/*/j/8<_3JG
µ
E6/25U<_7
Q
57 <_9UG
Sε \
.09;G EF367_7H3:<>9;G!5
Q
EF3]
λ
3J<_7 E6/25U<_7
Q
57J]?IJ^
Q
LﬁR
ε
]
367 <
Q
C?I6GH14W2I63:<_9;14W
Q
57aL
Q
5;/2GHA
Q
L43K3J<_7aIJ^
Q
LM3`R
l
∂
∂n
1
λ
= − 1
ε2
k	
9+$ 0
ﬁ ﬁ 	)
	
ϕ
$    $'&(	)
Ł
Q
L41MAB1M7>3yC;3`L
Q
/;GH36AB13JG>3`1M587>IJ^2G
Q
L43KLM/GH<HO89;3
ε
7>365NC,W23JGH<9C6IJG>/B3J<_7 C?/5UEKI6^
Q
L43`R
l
lim
ε→0
∫
Sε
µ
∂
∂n
(
1
λ
)
dS = lim
ε→0
−µ(M)
ε2
∫
Sε
dS = −2piµ(M)
Ł
Q
L41MAB1M7>3DC;3SL
Q
C?369
Z
1:36AB3B1M587>IJ^2G
Q
L43u3J<_7`L
Q
W
Q
LM3J9;GK/;GH145UEF1:/
Q
L432]
Q
9T<_3J5U<`C?3=
Q
9UE'60=2]
C?3:LX 1457>IJ^2G
Q
L43`<>9;GaLYX 3J5U<_3JA1;LM3yC?3:L
Q
<>9;G!5
Q
E6305g36GHABI63
S \ 

145
Q
L436AB36587J];/5
Ql
ϕ(M) =
1
2
µ(M)− 1
4pi
∫
S−{M}
µ
∂
∂n
(
1
λ
)
dS
 =
\ 

kJ

  ﬀ	 "   &	   " + -*,( V  "
  &  
*  	 )  *, 	
 *,  -*,+ 
?Q
5U<:EF367_7H3
Q
5U5;3
Z
32]5;/9U<:C?I6GH1MW2/5U<`C?3BA
Q
5;13JG>3S3
Z
/;LM1PEF1M7H3BLM3<`5;/=
Q
9
Z
C;3J<`1457HI
^G
Q
LM3<uGH365UE6/257HG>IJ3J<SLM/GH<DC?9 C?IJW236L4/ﬃ/*/j3JAB3657#C?3L
Q
ASI67 6;/;C?3VCX 1457>IJ^2G
Q
L43J<BC?3S5gG>/5 
7H13JG>3<
\
=%3J<y5;/=
Q
9
Z
<JX 3
Z
/UG>14AB3657]ﬁ3J5^I6/ASI67>GH1M3
Q[Z
1  <>=0ASI67>GH14O89;3]ﬁ<_/9U<:L
Q
5g/2GHAB3C?3
5g/5UE~7H1M/5U<ﬁC;3J<ﬁ1457>IJ^2G
Q
L43J<36L4LM1:/?7>1PO89;3J< EF/2A/;L:3F7H3J<C?3@/;GH36AB13JG>3 367 <_3EF/5UC?3 3J<!/[3JEF3
K(m)
367
E(m) l
K(m) =
∫ pi/2
0
dθ
(1−m cos2 θ)1/2 E(m) =
∫ pi/2
0
(1−m cos2 θ)1/2dθ

/29U<
Q
9;GH/25U<bIJ^
Q
LM3JAS3J57aGH3JEF/9;GH<eRS9;5;3yC?3:L4369;Gz<^/;GH/ﬃ/;GH1MI67>I<
	
 : l
K ′(m) =
1
2m
(
E(m)
1−m −K(m)
)
 ﬀﬂﬁﬃ !ﬁ" #%$'&)(%+*",.-/,102(%,'-/3ﬃ+*4
Ł
X IJO89
Q
7>14/25#C?305gGH3JC6;/LMA /j/29;GbL430/j/27>3J57>1436LC;3J<%W01M7>3<><>3J<%3F7eL
Q
C?365U<>1M7>I`C?3KC;1/ LM3<
<JX IEFGH17
l
ϕ(M) = µ(M) +
1
4pi
∫
s
(µ(M)− µ)r
∫
θ
∂
∂n
(
1
λ
)
dθ ds

?\4k

5
L<JX
Q
^21M7aC?/5UE`C?3yE
Q
L4E69;L436GaLX 1M587>IJ^2G
Q
L43
l
I1 =
∫ 2pi
0
∂
∂n
(
1
λ
)
dθ
/21
λ(R,Z, r, θ, z) =
√
(r +R)2 − 2rR(1 + cos θ) + (z − Z)2 \ Ł X 1457HI6^G Q 5UCR/j369;7
<JX 3
Z
/;G>14AB36G C?3`L
Q
A
Q
5;1:36GH3:<_9;14W
Q
57>3
l
n · ∇
(
1
(r2 +R2 − 2rR cos θ + (z − Z)2)1/2
)
453<@7 C?/25UE
Q
AB365;IyRBE
Q
LPEF9;L436GaLYX 1457HI6^G
Q
LM3
l
I1 =
∫ 2pi
0
(
nr
∂
∂r
+ nz
∂
∂z
)
1
(r2 +R2 − 2rR cos θ + (z − Z)2)1/2 dθ
k;k
 (	  $9"#  $90 "#. + ﬂﬀ$ﬁ #  .9ﬁ , 	 .    . )"#.
0ﬀ)
3
Z
/;GH3J<H<_14/25O89;1<6X IJE6G>1M7J]
Q
/;G3J<e<>14A/ULM1>3NE
Q
7>14/25U<
l
I1 = −
∫ 2pi
0
nr(r −R cos θ) + nz(z − Z)
(r2 +R2 − 2rR cos θ + (z − Z)2)3/2 dθ

5S/j/8<
Q
57
l
A = (r +R)2 + (z − Z)2  ?\  
m = 4rR/A,

?u\ 

/25F/j3J9?7 365UE6/2GH3`<>1MA/;L4153N36G E63F7>7>3:1457>IJ^2G
Q
L43
l
I1 = − nr
A3/2
∫ 2pi
0
(r +R)− 2R cos2(θ/2)
(1−m cos2(θ/2))3/2 dθ
−nz(z − Z)
A3/2
∫ 2pi
0
1
(1−m cos2(θ/2))3/2 dθ
?
3J9
Z
7@=O/j3J<CX 1457HI6^2G
Q
L43J<DC;/214W23657,C?/25UE  67>GH3 E
Q
LPEF9;L4I63<B367$/j3J9;W236587,<6X 3
Z
/;GH1MAB3JGD365
5g/25UEF7>14/25 C;3
K(m)
367
K ′(m) \
Ł
3
/;G>3JAB1M3JGE6/2GHG>3<6/j/25UCVRL
Q
C?369
Z
1:36AB31457HI6^G
Q
LM3C;3
LX IJO89
Q
7>14/25F/;GHIJEFIC?36587>3
l∫ 2pi
0
dθ
(1−m cos2(θ/2))3/2 =
∫ 2pi
0
dθ
(1−m cos2(θ/2))1/2+
m
∫ 2pi
0
cos2(θ/2) dθ
(1−m cos2(θ/2))3/2

5y9;7>14LM1P<
Q
57 L43%E'6
Q
5;^23JAS3J57 C?3 W
Q
GH1
Q
1;L43
ϕ = θ/2
3F7 3J5:GH36A
Q
GzO89
Q
587O89;3nL
Q
C?3J9
Z
13JAB3
1M587>IJ^2G
Q
L43B3J<_7J] R9U5q5
Q
E~7H369;GA9;LM7>1:/;LM1PE
Q
7>15/UG!3J<J]ﬁL
Q
C?IJG>14W2I63U/
Q
GyG
Q
/*/j/2G>7yR
m
C?3L
Q
/;GH36AB13JG>3]?/25,7>GH/29UW23
l∫ 2pi
0
dθ
(1−m cos2(θ/2))3/2 = 2
∫ pi
0
dϕ
(1−m cos2 ϕ)1/2+
4m
∂
∂m
∫ pi
0
dϕ
(1−m cos2 ϕ)1/2
Ł
3<E/
Q
G_7H1M3<`C;3DEﬂ6
Q
O9U3B1M587>I6^G
Q
LM3D<_9;G
[0, pi/2]
3F7<>9;G
[pi/2, pi]
I67
Q
57y14C;3657H14O89;3<6]ﬁ/5
/j369?7 3U5
Q
LM3JAS3J57e3
Z
/;G>14AB36G%LYX 1M587>I6^G
Q
LM3C?9#AB3JA1;G>3KC?3^
Q
9UEﬂ6;3 365$5g/5UE~7H1M/5#C?3
K(m)
3F7 C?3
K ′(m) l ∫ 2pi
0
dθ
(1−m cos2(θ/2))3/2 = 4(K(m) + 2mK
′(m))

5T9?7H1ML41P<
Q
57:L
Q
/;G>//;GH1MI67>ISC;3
K(m)
3F7
E(m)
/;G>IEF1P<_IJ3u3J5TC?I1;9?7yC?3DE63F7_7H3
Q
5;5;3
Z
32]
/25F/j3J9?7 3U5
Q
LM3JAS3J57 IJE6G>14GH3
l∫ 2pi
0
dθ
(1−m cos2(θ/2))3/2 =
4E(m)
1−m
kJ8
   /#	.   . ﬂ"#.
0ﬀ)
L43<>3JEF/5UC,7@=O/j3CX 1457>IJ^2G
Q
L43yRE
Q
LPEF9ULM3JGa7>GH/29;W23<_/53
Z
/;GH3J<H<_14/5C
Q
5U< L43E
Q
LPEF9;L9/;GHIJE6I
C?3J57
l ∫ 2pi
0
cos2(θ/2)
(1−m cos2(θ/2))3/2 dθ = 8K
′(m) =
4
m
(
E(m)
1−m −K(m)
)


145
Q
L436AB36587J];LYX 1M587>IJ^2G
Q
L43
I1
/j3J9?7 <JX IEFGH1MGH3`C?3:L
Q
5
Q
/25<>9;1MW
Q
587>3
l
I1 = − 4E(m)
A3/2(1−m) (nr(r +R) + nz(z − Z)) +
8Rnr
mA3/2
(
E(m)
1−m −K(m)
)

/<>/25U<
h = (R− r)er + (Z − z)ez \
45/ﬃ1?7H1M3J57
l
I1 =
1
A1/2
(
4E(m)
A(1−m)h · n + 2nr
E(m)−K(m)
r
)


1M5
Q
LM3JAB3657];L
Q
5g/25UE~7H14/25
Kϕ
C;3`LYX IO89
Q
7H1M/5,1457HI6^2G
Q
L43
; \Mk @
<JX IJEFGH1M7
l
Kϕ =
r
piA1/2
(
E(m)
A(1−m)h · n + nr
E(m)−K(m)
2r
)

?u\ :

?KQ
5U<nL43 E
Q
C?GH3aC?3 5;/7HG>3aIF7H9UC?3 589UASIJG>1PO89;32]2L43J< 1457HI6^G
Q
LM3< 36L4LM1:/?7>1PO89;3J<
K(m)
3F7
E(m)
<>/2587 E
Q
L4E69;LMIJ3J<e^2G2E63KRS9;5U3
Q
/*/;GH/
Z
14A
Q
7>14/25C?3`L
Q
5g/G>AB3	
k" l
K(m) = (((ak2 + bk) ∗ k + ck) ∗ k + dk)
−(((ek2 + fk) ∗ k + gk) ∗ k + hk) ∗ log(k)
E(m) = ((ae ∗ k + be) ∗ k + ce) ∗ k + de
−(((ee ∗ k + fe) ∗ k + ge) ∗ k) ∗ log(k)
/21
k = 1−m 367 ak ] bk ] \M\4\ ] ae ] be ] \4\4\ <_/57 C?3<aE6/25U<_7 Q 57>3< \
  ,	 ﬂ,'2(
 ﬃﬀﬂ,' #ﬂﬁ,'*
Ł
3`W23E~7H369;G/j/27>3J57>1436L<JX IJEFGH1M7a<>/29N<5g/G>AB3`1457HI6^2G
Q
L43
l
A(M) = − 1
4pi
∫
s
(µ(M)− µ)r
∫
θ
n ∧∇s
(
1
λ
)
dθ ds

?\<;

Ł
3`^2G
Q
C;1M3J57e367 L
Q
5;/G>A
Q
LM3`<JX IJEFGH1MW3657aGH3J<!/j3JE~7H1MW23JAB3657
l
∇ = er∂r +
eθ
r
∂θ + ez∂z
n = ernr + eznz
k2
 (	  $9"#  $90 "#. + ﬂﬀ$ﬁ #  .9ﬁ , 	 .    . )"#.
0ﬀ)
Ł
3J9;G/;GH/?C?9;1M7aW23E~7>/G>1436Lﬁ<6X 3
Z
/;GH14AS3:C?/5UE`<>/29U<eL
Q
5g/2GHAS3
l
n ∧∇ = eθ (tr∂r + tz∂z)− (trer + tzez) ∂θ
r
/ 1L
Q
7
Q
5;^23J57>3:3J<_7 C?I 3U5;143:E6/2ABAB3
l
tr = nz tz = −nr
er
3F7
eθ
<6X 3
Z
/;GH14AS3J57 C
Q
5U<e9;5GH3-/[36GH3`E
Q
G>7>IJ<>14365EF/ABAS3
l
er = x cos θ + y sin θ
eθ = −x sin θ + y cos θ
45'Eﬂ6;36GzE'6;3DL
Q
EF/A/j/<
Q
57H3D<>9;1MW
Q
587
y
C?3
A

Q
/*/j36L4I63
Aθ
/
Q
G
Q
1;9N<yC?3L
Q
5;^
Q
^23 7
/25
5ﬁX
Q
C;/25UE,R E
Q
LPEF9;L436GBO89;3,L43J</
Q
G>7>143J<SC?3LYX 1457HI6^G
Q
LM3<_9;14W
Q
57
y
] <>/21M7SLYX 1457HI6^G
Q
LM3
<_9U1MW
Q
57H3
l
I2 =
∫ 2pi
0
(
cos θ (tr∂r + tz∂z)− sin θ tr
r
∂θ
)
1
λ
dθ

53
Z
/UG>14A
Q
57aL43J< C?I6GH14W2I63J<aC?3
λ
<>9;1MW
Q
57
r
]
θ
3F7
z
];/25/ﬃ1?7H1M3J57
l
I2 = −
∫ 2pi
0
tr(r −R cos θ) cos θ + tz(z − Z) cos θ − trr (rR sin θ) sin θ
(r2 +R2 − 2rR cos θ + (z − Z)2)3/2 dθ
.0/21M7J];3J59?7H1ML41P<
Q
57 L
Q
C;I3U5;1M7>14/25VC?3
A
]
m
]
t
367
h l
I2 = − 1
A3/2
∫ 2pi
0
− cos θh · t +Rtr(cos θ − 1)
(1−m cos2(θ/2))3/2 dθ
Ł
3:589;ABI6G
Q
7H369;G C?3:LYX 1457HI6^2G
Q
5NCZ/j369;7 <6X IJE6G>14G>3
l
N = −h · t(2 cos2(θ/2)− 1) +Rtr(2 cos2(θ/2)− 2)
45E/j369?7A
Q
1M587>365
Q
57 C?IEF/2A/j/<>36GL43J<ﬁ1M587>I6^G
Q
LM3< 365:9;5;3 <_/ASAB3nCX 1457>IJ^2G
Q
L43J<E6/25;509;3J<
l
I2A
3/2 = −2(Rtr − h · t)
∫ 2pi
0
cos2(θ/2)
(1−m cos2(θ/2))3/2 dθ
−(h · t− 2Rtr)
∫ 2pi
0
dθ
(1−m cos2(θ/2))3/2
Ł
3<aC?369
Z
1M587>I6^G
Q
LM3<e<6X 3
Z
/;GH14AS3J57aGH3J<!/j3JEF7>14W236AB36587J];365r5g/5UE~7H1M/5C?3
K(m)
]
E(m) l
I ′ =
4
m
(
E(m)
1−m −K(m)
)
I ′′ =
4E(m)
1−m
kJ :
   /#	.   . ﬂ"#.
0ﬀ)
Ł
X 1457HI6^2G
Q
L43
I2
<6X IJE6G>1M7 C?/5UE]
Q
/;G3J<e<>14A/ULM1>3NE
Q
7>14/25U<
l
I2 =
1
A3/2
(
8Rtr
m
(K(m)− E(m) + h · t
(
8
m
(E(m)−K(m) + 4E(m)
1−m
))

5 9;7>14LM1P<
Q
57DL43r5
Q
1M7O9U3
m = 4Rr/A
] /25
7>GH/29;W23LX 3
Z
/;GH3J<H<>1M/5
C?9 5;/=
Q
9
KA
C?3
LYX 1M587>I6^G
Q
LM3
;?\4kAl
KA =
r
piA1/2
(
tr
2r
(K(m)− E(m)) + h · t
(
E(m)−K(m)
2rR
+
E(m)
A(1−m)
))

?u\ @

k2;
 (	  $9"#  $90 "#. + ﬂﬀ$ﬁ #  .9ﬁ , 	 .    . )"#.
0ﬀ)
kJ2@
 +!+ &  1+
	
k" '\
i
1;G
Q
AB/[W017'C
Q
5UC
5
\
i
\
.87H36^29U5
\}wjtrHoJo o_{ B}Us D}[Y|H} {zp?wj6|ow;x~\
?
/W23JGJ]

3	
n/G ]
k 	2@2;?\
	
 S\
5
\ eQ
GH365,1UL
Q
7_7
\N S M}[q~  x6s6 { x~ u 4}[q~ :}[w t  wN s6q Bszt[|} s}[x    o[Y|Fxz\

L436509;A

9*1;L41P< 6;145;^ =%/G!/j/G
Q
7>14/25ﬁ]
k	 AEU\
	
S\ B\eQ
7zE'6;3JLM/G
\ﬀw  wUYq_ot[pU6|owT oﬂﬁbp?|ttﬃ[w }	S|~x~\
=
Q
A1;GH1PC?^23 5;14W236Gz<_1M7 =

GH3J<H<6]
k 	 @A0\
	
:  N\ 
1PEF/N] =
\!  Q
G'C6/LM145ﬁ]
Q
5UC
?u\"
9;IJG>I
\

3
Q
G>LSC?GH/ﬃ/U<
\$#bp?q>o %&x6 s6 s6qzx
]
:A



l 2 
'?2@
]
k	 	 	U\
	
; *?u\
=
\ 
L
Q
5UEﬂ6
Q
GzC
\)(
6;3 <>1>CJ3
Q
5UC 6U3614^ 67#7H/* 6;1PE'6 C?GH/ﬃ/U<
Q
GH3V3,+@3JEF7>3JC 5gGH/2A
1;9;Gz<_7>145;^E1U9*1*1;L43J<n1M5<_3
Q

Q
7>3JG
\.-?0/ sHo %&x621 s~x6
]
	:
-=
E

lMk
 	 		'Nk2k 
 

]
k 	2E 	;\
	
@*?u\
=
\
L
Q
5UEﬂ6
Q
GzC
Q
5UC
Ł
\ ?u\
.0=CJC;3	
\ 

14LMAC;G>//S/;G>/;C?9UE~7H1M/5
Q
<
Q
5g9;5UE~7H1M/5V/ﬃ5
1;9*121;LM3<_1 C63
\ﬀ-?3/ szo %4x6.1 sFx6
]
	2
 =
:

l 2@:	ﬃ'0@2;:
]
k	 E EU\
	
A  N\2 ﬀ\ 
/29;LM7>/5 @.87>/5;3
\5(
6;3u3 3JE~7`/?5%<_9;G!5
Q
EF7
Q
57/5T1;9;Gz<@7H1M5U^#^
Q
<A1U9*1*1;L43J<
\6-?
7
 p?|t98 sH;
]

#l 2;k:'? ;2A
]
k 		2;?\
	
E N\  '\ 
/9;LM7>/25  .87H/25;3
Q
5UC
 N\ ;y\ 
L
Q
23
\<`Q
<\1;9*1*1;L43J<1;9;Gz<@7H145;^
Q
7
Q
5gG>3J3 <>9;G!5
Q
E63
\
-?
7
p?|t98 sz=U
]
 ;:l :A>': @ @
]
k	 	;\
	
	 '\
=%/
Q
57H14E
\?  Q
<H<7>G
Q
5N<5g3JG_7
Q
EFGH/<H< 7 6;3%/?E63
Q
5 
Q
1MGﬁ1457>3JG65
Q
EF3
l
<>A
Q
L4L8<>E
Q
L43868=?C?GH/
C?=05
Q
AS1PE
Q
5UC
Q
36GH/?C?=05
Q
AB14EyAB3JEﬂ6
Q
5U14<>AD<
\A@B&x~|Ho;m.Us S|z}Ctq>oJtﬃ[w }	S|Fx
]
kBl :	ﬃ'?2A 	
]
k	 E 
U\
	
k 
 D '\ U\
=%/0/?23JG
Q
5UC
?u\Ey\

3JG>3J^2GH1M5U3
\

GH3J<H<>9;G>3 Y14A/;9;LP<_3 7 6U36/2GH=05 /G LM1PO89;1PC:1MA/
Q
E~7
/;GH/ﬃ1;L436AD<
\F-0
7
 p?|t208 sz;
]
	ADl4k 	';0k :
]
k 	 	 ;?\
	
k2k 
b\ ?
1
Q
<
Q
5NC=
\G
6
Q
GH1a5
\

/25;L4145;3
Q
Gn^G
Q
W017@=
Q
5UCDE
Q
/;1ML4L
Q
GH= ^2G
Q
W017@=
Q
W3J<
\<wNwj
1 s6
7
 p?|t98 sz=U
]
;kSl  
Uk'?:Uk
]
k	 		;\
	
kD N\

^2^36Gz<
\
 5;1MW23JGH<
Q
L`/;1M5NE'6;145;^/ﬃ5

C
QZ
14<>=0ABAS367>GH14EB5gGH363 <>9;G65
Q
EF3HU/
\A@I&x6
1 s6  sFY s6qzx
]
A?k

;k

l : ; E'0:2@

]
k 		2;\
	
kJ D N\

^^236Gz<
\0(
6;36/G>=/?5
?
GH/ﬃ/


/2GHA
Q
7>14/25
\I@B&x6
7
p?|tx
]
A

;

l 	 :Uk:' 	2;
]
k 		2;?\
	
k : D N\

^^23JGH<
\

/25ULM145;3
Q
G
?
=05
Q
AS1PE6<
Q
5NC

G>3
Q
09*/ /ﬃ5


G>3J3 <_9;G!5
Q
E63


L4/ﬃ <
\J1 sF[
8 oJt.@I&x6
]
@	



l E @ ;' 		
]
k	 	A0\
	
k ;D N\

^^23JGH<
\
=%/
Q
L43J<HEF365NEF3:/?5n<!/ 6;36GH3J<A10=<_9;G!5
Q
E63yC;1  9U<>1M/5
\K@B4xFL1 sF[ s6 s6qzx
]
E 


k

l @2 :ﬃ'?@22A
]
k 	 	2E;\
	
k@ D N\

^^236Gz<
Q
5UC
(`\ 
b\?
92/N/57
\ ?
G>//5g/G>A
Q
7H14/25D145
Q
/25;3  C?14AB365U<>14/25
Q
L
Q
/*/;GH/
Z
1 
A
Q
7H1M/5/?5 7 6U3:5
Q
W01436G  <_7>/G23J<%3JO89
Q
7>14/25
\F-?
7
 p?|t98 sH;
]
@8#l  
2;';20k
]
k 		:U\
k A
 0- 0ﬃ  ﬂ  /0ﬃ
	
kA  U\

^2^36Gz<6]
 N\.;:\
Ł
14<_7>3JGJ]
Q
5UC
E\
i
\
.87H/25;3
\
=%/
Q
LM3<>E6365UE63S/ﬃ5eLM1PO89;1PCC?GH/ﬃ/U<
\ -?
7
p?|t98 sz;
]
:
Ukul 	'??k 

]
k 	 		;\
	
k E
.
\ﬀ
GH1ML4LM1Y]

\ﬀ
9;=365;5;3]
Q
5UC

%\ ?
1
Q
<
\
i
5g9;L4L4= 5;/5;LM145;3
Q
GAS/;C?36LK5g/2G,7'6;GH363
C?1MAB3J5U<_14/25
Q
L2/[W236G>7>9;GH5;145;^F
Q
W23</[W236G
Q
G1;17HG
Q
G>=H1j/7>7>/2A
\

wU s6q~wj}[Y|o[w }[&-?o[p?q~w }[
{Fo[q:p DsFq~|z}[<8 sF ;oJt[xy w
7
 p?|t[x
]
 ;#l E	ﬃ'E @ A
]


;k\
	
k	*?\ 
9;36=

36G]
 U\
Ł
1Y]
;:\
.?E
Q
GHC?/[W236L4L41]
Q
5UC.
\ Q
LM3<,01
\
/LM9UAS3K/ﬃ5<HU9;1PC#1457H36G!5
Q
EF3
7>G
Q
E8145;^a17'6,<>AB/0/7'6;3JC<>9;G!5
Q
EF3<_7>GH3J<H< AB3F7'6;/?C;<\5g/G 7'6;G>3J3 C?1MAB3J5U<_14/25
Q
L HU/ﬃ <
\
-0bmno	 C@B&x6
]
k ;l :82':2;@
]
k 	 		;\
	
 
 U\?E
/2^G>3-5g32]

\

3	D3J=2]=
\ 
/0/?C?GH14C;^232]

\
.6;1Y]
Ey\GE
3657z<>Eﬂ6;3JL]
Q
5NC
?\
Ł
Q
7 6UG>//
\

/ﬃ%36G YL
Q
<_145;^29UL
Q
G>1M7>143J<`1M5'^2G
Q
W01M7 =  E
Q
/;14LML
Q
G>1M7 = 
Q
W23<
\ @B4x~|H}
]
k l4kE'

2;
]
k 		 E;\
	
;k"
5
\ K\
5
W
Q
5;/[W ]

\
i
\I
G
Q
LPE'6;3JW?<,0=2]
Q
5UC
i
\ ?\

1 2/2L4/W
\ 

14LMA
Q
5UC L41M5;37>365N<_14/25
3 3JE~7z<K/25 7'6;3
Q
7>7
Q
E'6;AB36587`/?5\/
Q
G_7H14E6LM3< 7>/
Q
5 1M587>3JG65
Q
E63
\ -? mno[gMo[|t

wN s6qg{F}2zs
 6|
]
kk

k

l 	 A'jk:2
]
k 	 E2@;\
	
  U\ 
3JLML436G]

\  
14LM3> <,01Y]
Q
5UC
 U\

 ﬀ\nQ
5UC?3J5 

GH/03JE
\) 
36GH^2145;^
Q
5UC b3F7_7H145;^
C?G>14W2365F10=,<_9;G!5
Q
E637H365U<>1M/5
\I#ep?q60-0C8 sH; 
7
p?gt[x
]
k 	,l :	Uk'/; 

]

 

;\
	
2 U\ K\ 
36L4LM3JG
Q
5NC
 '\  N\  
1 ?<_1P<
\
.09;G!5
Q
EF3u7H365U<>1M/5TC?G>14W2365 HU/ﬃ <
\9

!8 -?o[p?q~w }[
o[w   j|sHt 8 }[ ;s D}[Y|~x
]
:



l  @ Eﬃ'?2A A
]
k 	2E2U\
	
:  \
Ł
Q
5
Q
9;G>1432]/=
\

Q
G!1j/5;32]
;y\
.?E
Q
GzC?/[W236L4LM1Y]8.
\ Q
LM3<,01Y]
Q
5UC
S\ Q
5;367_7H1
\C 
/?C?3JL 
LM145;^AB36GH^2145;^
Q
5UCF5gG
Q
^2AB36587
Q
7H1M/51M5 A9;LM7>1:/ 6
Q
<_3HU/ <ﬀa1M7 6 <>9;G65g3JG
\D-?emno	 
@B&x6
]
k2kJ,l4kJ :ﬃ'jk :A
]
k	 	 :U\
	
2; 
Ł
\ ?\
Ł
Q
5UC
Q
9
Q
5UC

\  '\
Ł
1a5|< 6;1M7 C
\ @B&x~FpUs  ;zo[q~6pUs 8 zH}wU6pUs tsFx
7
p?|t2sFxz\

LM3J589;A

9*1;L414< 6;145;^ =%/2G/j/2G
Q
7>14/25ﬁ]
k 	AE;\
	
 @ '\
.
\
Ł
/25U^29;3F7 
E
14^2^2145U<
\ 
9*1*1ULM3<6]41;GH3
Q
01M5;^ 
Q
W23<
Q
5UC 68=O/j36G1j/2L414Eﬂ+@3F7z<
Q
7
Q
5gG>3J3:<_9UG65
Q
EF3
\F-?
7
p?gt 8 sz=U
]
k2Al4k 
' kJ?k
]
k	 E;\
	
 A  '\
.
\
Ł
/25;^9;3F7 
E
1M^^2145U<
\
i
5
Q
5
Q
L4=87>1PEDAB/?C;36Lb/?5 <>/29;5NC/;GH/?C?9UE~7H14/2518=G
Q
145 
C?G>//U<
\ -?
7
 p?|t98 sH;
]
?k:,l 	2;':;k 

]
k 	 	
;\
	
 E '\
.
\
Ł
/25;^9;3F7 
E
1M^^2145U<
Q
5UC
Ey\
4^29ﬁC
\
=%GH17H14E
Q
L2AS1PEFGH/ +@3F7z<ﬁ1M5yE6/2L4L
Q
/U<>1M5;^ E
Q
W017H1M3<
\
-0
7
 p?|t98 sH;
]
 	 
,l4kE2ﬃ'?
;k
]
k 		2; \
	
 	(`\
.
\
Ł
9;5NC?^2GH365
Q
5UC

\

\   Q
5U<>/29;G
\
4K<HEF14L4L
Q
7>14/25U< /?5jC;G>//U< 1M5 CJ36GH/^G
Q
W017@=Da17'6
%3
Q
W81P<HEF/29N<b3 3JEF7H<
\ﬀ-?
7
 p?|t98 sz=U
]
k	:l :A 	ﬃ';?k 

]
k	 E EU\
	

 
%\  Q
E
5
57@=0G>3
\ 

L4/ /
Q
7>7>3JG>5U<T145 1;G>3
Q
0145;^t1;9*121;LM3<
\ -? / szo %4x661 s~x6
]
A A

2A

l<;?k2k:';2E
]
k	 A;\
	
Uk"


\0B\0 
36L4W01ML4L43
\ (
6;3,GH/2L43/ﬃ5 <>9;G65
Q
EF3 
Q
W23U1UG>3
Q
01M5U^ 1M5
Q
1MG  <>3
Q
1M587>36G
Q
EF7>14/25
\
wUwj 1 s6[
7
 p?|t98 sH;
]
El  A 	ﬃ'00k
]
k 		 @;\
	
8 
i
\ﬃ 
365UEﬂ6
Q
E
Q

;
/?Eﬂ6
Q
]
i
\   Q
G>7>145;3C
?
W
Q
L4/<6]
;:\
ﬀ
n˜
3C2].
\

/ﬃ/;145;367J]
Q
5UCS.
\ﬁ Q

LM3<,01
\
=%/
Q
L43J<HEF3J5UEF3 /ﬃ5LM1PO89;14C C?G>//U<f10= <>9;G!5
Q
EF3 7H365U<>14/25
\ @I&x661 sF[6#
]
@2,l 
: @2
	#l4k'/;
]


;k\
	
Ey\

\
4^29ﬁC
Q
5NC
i
\

G>/8<6/j3JG>367_7>1
\
.09;G!5
Q
E63Y7>365N<_14/25'3 j3E~7H<S1M5ﬀ7 6;3E6/2587
Q
EF7u/?5
LM1PO89;14C<>9;G65
Q
EF3<
\F-0
7
 p?|t98 sH;
]
 
2,lMk:	ﬃ'jkA0k
]
k 	2E 	U\
kJ2E
 0  0ﬃ 2)  ﬁ0ﬀ
	
: DEy\

\
4^29/C
Q
5UC
i
\

G>/8<6/j3JG>367_7H1
\ 
9*1*1ULM3 3J57>G
Q
145;AB36587\18=7'6;3 1MA/
Q
E~7 /ﬃ5C?GH/ﬃ/U<
/25L41PO9U14C<_9UG65
Q
EF3J<
\ -?
7
 p?|t98 sH;
]
?k	,lMk:' kA 	
]
k 		 
;\
	
2;


\

/ 
T365ﬁ] .
\
Ł
\
=%3JE6E61M/N]
Q
5UC
S\2(
GH=0^2^2W
Q
<>/25
\ (
6U3EF/L4L
Q
/U<_3:/ﬃ5
Q
E
Q
W017
Q
7H1M/5
1;9*121;LM3y1M5V< 6;3
Q
G HU/ < 
Q
509;AB36GH14E
Q
Lﬁ<_7>9UC;=
\3@B4xz|Fxuo_{
7
 p?|t[x
]
k	 	2; \
	
 @ 
.
\

//;1M5U3F7
\ j }rF    s6n{Fo[q D}[Y|o[w ts

sFxt}[wUx#MsFxrFp?gMsFxz}[  }wU s~xt:
[sFMo  Us Ds6wU tv p?wjs B6 ;oJtsDt2sD;} wjst2s D}[q 6pUsFp?qzxu}2t}   zs}[p q>}  s DsFwN
wUp D6q~FpUs#t2sFx 6pU}[Y|o[wUxt2s }J|s6q N o>sFx}[[sHDx~p?qg{F}HsFxB |r6q>s~x~\
 5;14W236Gz<>17HI

1436GHG>3`367
  Q
GH1M3=%9;G>1432]

Q
G>1P<

5
]
 
 
 
U\
	
 A 
.
\

/ﬃ/;145;3F7
Q
5UC'.
\ Q
L43J<01
\
i
5gG>/57 Y7>G
Q
E0145;^
Q
L4^/2GH17'6;A 5g/G
Q
E6E69;G
Q
7>3BGH3-/UG>3 
<>3657
Q
7H1M/5,/ﬃ5 <>9;G!5
Q
EF3K7>365U<>14/25
\

wU L-0 :p D.8 s6 ;
7
p?|tx
]

,l<A2A;'/A 	2
]
k 		 	;\
	
 E 
.
\

//;145;3F7
Q
5NC.
\ Q
LM3<,01
\ 
9*1*1;L43E6/2L4L
Q
/U<>3S5U3
Q
G
Q
<>/2L41PCh1j/29U5UC
Q
GH=
l Q
509 
AB36GH14E
Q
Lb<@7H9UC?=/?5a7 6;3,1454HU9;365NEF3,/?5 W014<HEF/8<_1M7 =
\*-?
7
p?|t 8 sz=U
]n.?9*1;AB17>7>3C'7>/
 
L ﬀ\
	
 	 
=
\

/2C6GH1 01PC?1P<
\

wUYq>oJt[pU6|ow, oUsHo[q>s6Y|H}[ﬁ}[w tSHo   p? }|owj}ﬁ%p?|tSt [wj}	S|Fxz\
4
Z
5g/2GzC  5;14W23JGH<>17@=

G>3J<H<J]
k 		 A0\
	
:
 
i
\5; Q
AB/8<6]

b\5`Q
GHE61
Q
]
Q
5UC
 N\nQ
L4W236GzC?3
\
457 6;3g1;G>3
Q
09*//?5D<>L4365UC?3JG L41 
O89;1PCf1;GH1PC?^23<
l

Z
/j36GH14AS3J57z<
Q
5UC
Qk
 CT589;AB3JG>1PE
Q
L
Q
5
Q
LM=?<>14<
\ #bp?q6F-?38 sH; 
 
7
 p?|tx
]
kEl @ :	ﬃ'@2;E
]
k 		 	U\
	
:Uk 
b\  N\ ;
3<>Eﬂ6ﬁ]
 N\
.
\?KQ
GHG>/2C63J<J]
Q
5NC
S\  '\
i
5g3F7H1
\2  Q
GH145;3bLM1PO89;1PC
Q
3JG>/8<_/2L,/;GH/?C?9UEF7>14/25
5gGH/2Ao1U9;GH<_7>145;^B/ﬃ5
Q
14G^1;921*1;L43J<
\ﬀ-0 / sHo %4xFC1 sFxF
]
	Uk
 =
k

l4k
;k 	ﬃ'Nk 
	
]
k	 E @U\
	
:8?u\.;
14Eﬂ6
Q
GzC
Q
5UC
?u\0"
9;I6GHI
\ 
14<HEF/9U<:C?GH/ﬃ/N<`G>/LML4145;^/5
Q
7>14L7H3JC5;/25 %367_7
Q
1;L43
<>/2L414C
\3#bp?q>o  &x6 sFY sFqzx
]
: E



l E2@'; 	;k
]
k 	 		;\
	
: \ ?u\
.6U1]
 '\

\ 
GH365;5U36G]
Q
5NC.
\ ;:\

Q
^236L
\
i
E
Q
<HE
Q
C?3a/?5ﬁ<_7>GH9UE~7H9;G>3 145
Q
C?GH/ﬃ/
5
Q
L4L41M5;^5gG>/A
Q
5
Q
9NEF3F7
\  6|sFw Hs
]
 @2;#l ?k 	ﬃ'?22
]
k 		:N\
	
: : DEy\

\
.058=?C?36G
Q
5NC
;:\ ?u\?;
3J17'C
\#?
14GH3JE~7 C?GH/ﬃ/;L43F7>/UG>/?C;9UE~7H1M/55gGH/2A
Q
L414O89;1PC 3ULMA
l
Q
5;3>&^
Q
< 
Q
<><>14<_7>3JC
Q
7H/2AB1 C
Q
7H1M/5 AS3E'6
Q
5;1P<_A
\ -?
7
 p?|t 8 sH;
]
 A ;Vl 2@2'? E?k
]
k 		 EU\
	
: ;?u\

\
.O/U1M3JL
\
i
E6/29U<_7>1PE
Q
LAB3
Q
<_9;GH36AB3J57H<#/ﬃ5
Q
14Gr1;9*121;LM3<r1;9;Gz<_7>145;^
Q
7
Q

Q

7>3JGy<>9;G!5
Q
EF3
l 
9;Gz<@7H1M5U^F1;921*1;L43J<
Q
< 6;36L4A 6;/2LM7 CDGH3J<>/25
Q
7>/2GH<
\ -05/ sHo  &x6I1 sFx6
]
	 A
-=
A

l4k2k :2:'jk2k: ;2
]
k	 	8?\
	
:2@ ?u\

\
.O/U1M3JL
\ (
6;3589;A1j3JG
Q
5UC <_1 C63/?5I+@367C?GH/ﬃ/N</;G>/?C;9UEF3C10=
Q
14G1;9*1*1ULM3<
1;9;Gz<_7>145;^/25
Q
5gGH3J< 6 
Q
7H36G<_9UG65
Q
E63
\D-? / szo %4x6L1 sFxF
]
		
 =
;

l4k 
8E	'jk 
	@
]
k 		:N\
	
:A ?u\

\
.O/;1436L
\
45 7 6U3S1;14G_7'6U<B/ﬃ5I+@367C;G>//U<
5gGH/2A 1;9*121;LM3<1U9;GH<_7>145;^/25 
Q
7H36G
<>9;G65
Q
EF3J<
\F-0 / sHo %&[xFC1 s~x6
]
k
 

-=


l :		2;';
 
@
]
k 		2;?\
	
:2E ?u\

\
.O/;1M3JL
\  
/2GH3u/25 7 6;35+@3F7ﬀ1;14G_7'6U<K/?5.+@3F7yC?G>//U<H5gGH/2A 1;9*121;LM3<K1;9UGH<_7>145;^,/5
<>3
Q

Q
7H36Ga<_9UG65
Q
EF3J<
\ -? / sHo  &x6C1 s~x6
]
k 
8
 =


l<;E;k;';E2?k
]
k 	 	A0\
	
:	 
i
\ﬂ U\
.C63JG>1
\
=
Q
/;14L4L
Q
G>= 
Q
W23<
Q
5UC
Q
14G  <>3
Q
^
Q
<#7HG
Q
5U<65g36G
\ -?
7
 p?|t 8 sz;
]
28#l  :Uk'?2;E
]
k 		 A0\
	
;
 


\4(
/1
Q;\ ?
GH/ﬃ/$/;GH/?C?9NE~7>14/25$18=U1;9;GH<_7>145;^/ﬃ5
Q
14G1;9*1*1ULM3<%/25D7'6;3K<>3
Q
<>9;G65
Q
EF3ug141P
7 6U36/2GH3F7H14E
Q
L<_7>9UC;=,/57 6U3< 6
Q
/j3:/ﬃ5LHU/
Q
7H1M5;^U1U9*1*1;L43J<
\!-?o[p?q~w }[ o@{y ;s zsH}[w oﬃ
2q>} %?|H}C oJ6|s6 ,o@{-?} ;}w
]
k ;


F]
k	2; 	;\
k 	
 0- 0ﬃ  ﬂ  /0ﬃ
	
; k"

\
4
\C(
9UE=
Q
5UC
Ł
\


\
.;E'6 
Q
G>7 C
\J(
6;145'<@7
Q
7H14EDC?GH/ﬃ/U<!a1M7 6
Q
5gGH363
Q
7>7
Q
Eﬂ6;AB36587
1j/29;5UC
Q
G>=
\ -?
7
 p?|t98 sH;
]
22,l UkJﬃ'0:
]
k 		;k2\
	
; (`\ 
1M5ﬃ+@3
Q
5UC

\ 
G>3JW814^
\
G>3
Q
01M5U^5
Q
W23< /5 3U5;1M7H3F
Q
7>3JGnC?3/?7 6U<
\
i
589;AB36GH1PE
Q
L
<@7H9UC?=
\ek	 E
;\L; Q
/*/j/G_7
\
	
;2*?\
i
\

T361P<><
Q
5UC
i
\
Ł
\


Q
GH145
\F-?
7
 p?|t98 sz=U
]
 E2;#l 2 	'? ;:
]
k	 		;\
	
;: 
i
\
Ł
\


Q
G>145
Q
5UC
?u\
i
\

 3J14<H<
\ﬀ-?
7
 p?|t98 sz=U
]
E2,l4k :Nk'jkA[
]
k	 	 ;?\
	
;2;  \


\ﬁ
3 ]
K\ﬃ
L43-1j36G]
 N\	

1M5;31j36GH^U]
Q
5UC
?\

\
Ł
Q
7 6;GH/ﬃ/
\
.0145;^29UL
Q
G>1M7 =yC?=05
Q
AB1PE6<
1M5EF9;GHW
Q
7H9;GH3E6/2L4L
Q
/U<_3
Q
5UC+@3F7a36GH9*/?7H1M/5#/5
Q
HU9;1PC,<>9;G!5
Q
E63
\sFY sFqzxK o u}[Yp?q>s
]
:
2,l :
Uk' :
:
]
 
 

;\
k : 

